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>lementation of a class of stabilized, explicit methods for the time

cation of parabolic equations *)

Jerwer

ACT

lhe paper deals with an inplementation of a class of explicit three-
unge-Kutta methods for the numerical solution of initial value pro-
for systems of ordinary differential equations. The systems we have

ad do originate from parabolic partial differential equations by ap-

3 the method of semi-discretization. The underlying schemes are sta-

2ad and of first and second order. The number of function evaluations
tep varies between two and twelve. The implementation is provided
steplength, error and order control. A FORTRAN version of the implemen-

1 is available. Numerical results of this FORTRAN program, applied to

'mi-discretized problems, are reported.

DS & PHRASES: Numerical analysis, Parabolic partial differential
equations, Semi-discretiszation, Implementation of

time integrators.

'his report will be submitted for publication elsewhere







» INTRODUCTION

In this paper we discuss the implementation of a class of explicit
:thods to be used for the time integration of semi-discretized parabolic
artial differential equations. The semi-discretized system of ordinary

ifferential equations is supposed to be in the autonomous form

1) y' = £(y).

1 important property, possessed by the major part of semi-discretized
irabolic systems, 1is that the spectrum of the Jacobian matrix, say J(y),
5 almost real, i.e. the eigenvalues are situated in a lang narrow strip
round the negative axis of the complex plane. This property is essential
>r the implemented class of methods. Therefore it must be assumed that
1e problems, to which our time integrator is applied, possess this
coperty.

At the present time many numerical methods exist for solving time de-—
:ant partial differential equations (see RICHTMYER & MORTON [8]). When deal-
1g with more than one dimension, the greater part of these methods are
1ot so easy to apply and can only efficiently be implemented for narrow
:lasses of problems. As a consequence, the development of mathematical soft-
rare for wide classes of linear, and also non-linear, partial differential
\quations is still in a very early state (see SINCOVEC & MADSEN [11] for a
ist of references). This is in direct contrast to the development in the
‘ield of ordinary differential equations (see e.g. SHAMPINE & GORDON [10]).
'ery capable software exists for wide classes of non-linear ordinary differ-
mtial equations. By way of the method of semi-discretization, we can make
ise of the developments in this field (e.g. steplength and error control)
‘or the implementation of a time integrator.

In this connection stabilized, explicit integration formulas are suit-
:d, because of the fact that these formulas, when used in conjunction with
semi-discretization, are easy to apply, and can be implemented for wide
:lasses of linear and non-linear problems in one and more dimensions. The

mly mathematical restriction, tobe posed for parabolic problems, is that the




rum of the Jacobian of the semi-discretized system is almost real.
:tical restriction, with respect to the application of such methods,
rise when the spectral radius of J(y) is extremely large. In spite of
2latively large stability boundaries, the methods are then forced to
rate with very small steps, which may result in an excessive runtime.
h a situation it may be preferable to use an implicit method, which
:onditionally stable (see RICHTMYER & MORTON [8])-

[he integrator discussed is based on three-step Runge-Kutta formulas
ler one and two. These formulas are stabilized with respect to the
oundary of absolute stability. In fact, the stability regions are
1arrow strips around the negative axis of the complex plane. The sta-
ition of the formulas is achieved by using extra evaluations of the
lon f per integration step. The number of function evaluations may
retween two and twelve. The analysis and construction of the formulas
scussed in VERWER [14]. In section 2 of this paper we shall give a
review of the theoretical aspects. Section 3 is devoted to the actual
lentation. In this section simple mechanisms for the steplength, error
rder control are discussed. In section 4 we discuss M3RK which is a
\N program based on the implementation discussed in section 3. The
section of this paper is devoted to a discussion of some numerical

:s obtained with M3RK.

'inally it should be noted that an ALGOL 60 version of an implementa-
f stabilized, explicit one-step Runge-Kutta methods (cf. VAN DER

1 [13]) has already been given by BEENTJES [6].

! CLASS OF INTEGRATION FORMULAS

n this section we shortly discuss the underlying class of methods.
1alysis and construction of the formulas is extensively discussed in
0 [14,15,16], where one can also find further references.

lur class of three-step Runge-Kutta formulas may be represented as

1S
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2.1) Yorl = (1 bj)yn + bjyn—l + thf(yn—l) +
G-D .
R HCA O N S P
- ay™ 4 (1-a9) m> 2 n=2,3
Yn+1 Yo+l Yp-22 ™= % 2Tt

he vector v, denotes the approximation to the analytical solution y(x) at
= X_. The points Xj’ j = n-2,...,n+l, denote the reference points of the
hree-step formula and h denotes the steplength, i.e. h = LI In the
resent section h is supposed to be constant. For the application of (2.1)
he additional starting vectors v, and y, must be given. Formula (2.1) is
alled a three-step formula of degree m, m being the number of function
valuations per integration step.

When applied to the scalar test-model
2.2) y' = 8y,

cheme (2.1) yields the linear recurrence relation

2.3) y

n+l dS(z)yn * dP(z)yn—l * (l—d)yn_z,

here S(z) and P(z) are polynomials of degree m in z = hé. The stability of

ethod (2.1) depends on the parameter d and the coefficients of the stabili-

y polynomials S and P. We have implemented schemes of order p = | and

= 2, with degree m satisfying 2 < m < 12. The corresponding polynomials
and P are such that the absolute stability regions contain a long narrow

trip around the negative axis. We have
2 2
2.4) B, (m) = 5.15m", e,(m) = 2.29 m",

here Sl(m) denotes the real boundafy of absolute stability for the p-th
rder scheme of degree m. For real eigenvalues, the extrema of the amplifi-
ation factors of (2.3) are bounded by about 0.9 in the stability interval.
iecause of this we have a strong damping for the higher harmonics.

The integration parameters of (2.1) are expressed in the parameter d

ind the coefficients of S and P.




They are determined in such a way that the princ local truncat rror,

LTEp say, is given by (see VERWER [ 147)

2 (2)
LTE, = C,h°y " (x ), c, = 1.27,
(2.5)
- 3.(3) -
LTE, * Cyh’y " (x ), Cy = 0.44.
Observe that LTEp does not depend on m. For p = dm=2,..., e
coefficients s; of S and P; of P are given in VE 14]. The par 's
b., c¢c. and A. are given b
i3 j g y
b =Py
(1 - lp )(p, = 2p, + 2p, + 2s,) 1p)?
. - 2P0’ Py 2 3 3 4Po
m 24P T2yt lpgt
A =1- 1 c
m 2Po m’
bj =0, j=1,...,m2,
p, — ¢
_ 1 m
(2.6) bm_1 ==
m
P }
m+ 1 - j .
c, = ——3 | j=1l,.0.,m2,
J m+ 1 -3
)
‘m-1 = A_°
m
Sm+1—
U S B i=1,...,m-2,
J Sm - i
A =ig.
m-1 A
m

'he parameter d is independent of m and is given

2.7) d=1.375, p-=1, d = 0.775,




Finally we mention the concept of internal stability. Because of the
elatively large degree and relatively large stability boundaries, we have
o deal with an accumulation of rounding errors which appears per integra-
ion step. Especially for the higher degree formulas it can easily reduce
he local accuracy. For a formula of degree m this accumulation is approxi-
ately governed by a so-called internal stability function, say [83 (z),
hich is a strongly increasing polynomial of degree m - 1 Let odenote the
pectral radius. Then the accumulation is generally under control if we adjust the

teplength hand the degree mto the so—called internal stability condition

[p]

2.8) Qm 1

maximal local truncation
<
(hO(J(yn))) - arithmetic precision
]
1

n the program we shall use the values Qig
he wvalues Q;l% (Bl(m)) are listed in table 2.1. The values for the second

(Bp(m)). For future reference,

rder schemes, which are used in the program, are defined by

[2] _ 2 [1]
m | 2 3 4 5 6 7 8 9 10 11 12
3108 102 7102 4103 310% 2105 %105 S10® 3107 2108 !1o?

]

Table 2.1 The values Qﬁll

(8, ().
Finally we note that scheme (2.1) needs six arrays of storage. For the

:tual implementation discussed in the next section we also use six arrays.

THE IMPLEMENTATION OF THREE-STEP RUNGE-KUTTA FORMULAS

When integrating time dependent partial differential equations by using
1e method of semi-discretization there arise two types of discretization
crors, viz. the error due to the spatial discretization and the error due
> the time integration. In general the first error can not be controlled.

> our opinion it is nevertheless useful to supply a method for the time




integration with various control mechanisms, if possible. By doing this

one relieves the task of the user of such an integrator. To support this
opinion we make the following observation. Our methods are conditionally
stable. When applied to a non-linear system, it may then happen that a sud-
den instability arises because of an increase of the spectral radius. When
a method is supplied with error and steplength control, such a sudden in-
stability is immediately detected and the steplength is decreased.

The most widely applied implementation technique for linear multistep
methods is nowadays the Nordsieck technique (see GEAR [51). This technique
makes it is very easy to realize error, steplength and also order control.
Compared with a Lagrange implementation, i.e. an implementation where the
y- and y'-values are stored, a Nordsieck implementation is less efficient
for large systems because of the higher overhead costs. Therefore we prefer
the Lagrange implementation for our formulas. As we have to deal with a
low order and with three-step formulas, this yields no particular problems.

The greater part of the ideas we apply are well known and extensively
discussed in the literature (see e.g. GEAR [5] and SHAMPINE & GORDON [10]).
We shall therefore omit details where possible, but still observe that (as

usual) most of the ideas we apply are based partly on theoretical arguments,

and partly on heuristics.

3.1. THE START OF THE PROCESS

The two additional starting vectors Y, and ¥y, are computed by means of
a one-step Runge-Kutta scheme of order p= 2, which is also formulated as a

three-step scheme by introducing zero-parameters. It is obtained from (2.1)

by putting

(3.1) d=1,bJ.=cJ.=O, Aj=rm+l—j/rm—j’ j=l,...,m; 2<m<12,
vhere rj, j=0,...,m, denote the coefficients of the corresponding m—th
legree stability polynomial, say Rm’ For m=2 this polynomial is given by
iz(z) = l+z+ ézz. For 3<m< 12 this polynomial is chosen equal to the stab-
(lized polynomial §£2) given by VAN DER HOUWEN [13, table 2.6.7']. The
:xtrema of §£2) in its real interval of absolute stability, say (—§q(m)?0),

ire bounded by 0.95. Observe that for m= 2 no specific damping properties
ire imposed. For m= 2 the absolute stability boundary is 2. For convenience

7e approximate the boundaries §z(m) with




1.2) B,(m) = 0.44 mZ + 0.03 mo.

‘m # 12, these approximations are slightly smaller than the true boundaries
- 3(2)
™

The internal stability behaviour of the starting schemes is roughly the
me as that of the three-step schemes. In particular, the values given in
ble (2.1) hold for the starting schemes.

In order to start the process we need an initial steplength, say hstart'

is initial steplength should be related to the local tolerance, say TOL,

ich is specified by the user. We estimate hS as follows. Let 00=(J(J(y0)),

tart
denoting the spectral radius, be given (if 9 is not available, it is

timated by the program as outlined in section 3.5). Let I . I denote the

vided Euclidean norm (i.e. Euclidean norm divided by the square root of

e number of components). The idea is now to estimate %Gazy(Z)(XO)
ich represents the last Taylor term taken into account by the actual

0
tive estimation of the principal local truncation error of the start

art formula, obtained with stepsize ¢ . By relating this conser-

rmula with TOL, we reasonably obtain a safe estimation of hstart‘
1lowing this idea h i i
g start 1S then defined by

_ 1 1
3.3) hstart = % (nt / ne)

'2 10,

here

3
]

TOL + TOL % "yO",

3.4)
o} I£(y + oalf(yo)) - £y I

3
1l

e 0

t is observed that in the root formula (3.3), which is used to extra-

olate a new stepsize(cf. GEAR [5],p.156), the estimation of

jgzy(z)(xo) is multiplied by 200 to obtain an extra safety margin.

In order to obtain absolute stability at the start of the process,

leinitial steplength must satisfy the stability condition

3.5) hstartOO = BZ(mmax)’




‘here moo denotes the maximal degree allowed with respect to internmal

tability. The estimation of % and m oo is discussed in section 3.5.

f hStart does not satisfy (3.5), we put hStart = b(mmax)/so.
{ =~ )/0 °
f hstart does not satisfy (3.5), we put hStart Bz(mmax 0

.2, ESTIMATION AND CONTROL OF THE LOCAL ERROR

For the error control we use the local truncation error which is esti-
ated by LTEp(see(Z,S)). For the estimation of LTEP, p= 1,2, we apply the

imple interpolation formulas (n > 2)

Co
LTEI - Cz-*% [yn+1 - 2yn * yn—lj’ €y = % - Cp»
3.6)
LTE, = i by ¢ = 3Gb_-v _) +y _,] !
2 c3'+§ n+l n n-1 n-2"» C3 = ;" C3s

here, according to the definition of LTEp’ Yp-1 and y_ _, are assumed to be
pproximations of a sufficiently high order to a local analytical solution
t the points x_ _; and X,-2, respectively.

The error criterion which is to be performed after each n-th integra-

ion step, n > 2, is the mixed criterion
3.7) HLTEPH < TOL + TOL = "yn+1",

here TOL stands for a user specified tolerance parameter and Il-ll denotes
he divided Euclidean norm. If (3.7) is satisfied the integration step is
ccepted, otherwise rejected.

During the start of the process, i.e. if n = 1,2, no error control is
erformed. This is justified by the conservative estimation of the initial
teplength. If the third step fails however, all results are rejected and

he process is restarted with h = h/10.
.3. CHANGING THE STEPLENGTH

Before discussing the estimation and control of the steplength we first

ention how we realize the change. Our integration formulas (2.1) are




aveloped for a fixed steplength. This means changing stepsize must be ha
led apart. In a Nordsieck implementation, changing stepsize is an inter-
>lation-extrapolation process (see GEAR [5]). We also use interpolation-
ktrapolation to determine the new y-values.

Let h and oh denote the old and new steplength, respectively. The ne
alues of Yo-1 and Y, are then interpolated or extrapolated by means of

1e quadratic formula

3.8) y(x-oh) = %&(&-l)y(x-Zh) + a(2-0)y(x-h) + %(2—&)(]—&)y(x),

lere o = o and o = 2a, respectively. Formula (3.8) is applied for p = 1

id p = 2. The error introduced by (3.8) is of order three and is ignored
t the estimation of LTE,.

Applying (3.8) too frequently may lead to severe instabilities. Ther
>re we also use the rule of thumb: after a change of h at least 4 steps
ce performed with h fixed, provided a step is not rejected. We return to

1is point in the next section. The new values of y;_ are not computed b

1
2ans of interpolation or extrapolation, but by using the derivative func
ion f(y). To our experience this leads to a more stable process of step-

sngth changing.
.4, ESTIMATION AND CONTROL OF THE STEPLENGTH AND ORDER

The new steplength ah is estimated using the well known root formula

>t o be defined by

TOL + TOL * Iy __ | ptl

3.9) o TLTE T
P

1en we put

a/2.0, p=1,
3.10) a

a/l.6, p = 2.




1e factors 2.5 and 1.3 are to provide a conservative estimate. In order to

revent marginal changes the change is not performed when 0.9 < a < 1.1.

)reover, in order to prevent an excessive decrease or increase of the step—

:ngth, o is bounded by 0.1 and 3.0, respectively. Because of the factors in

3.10), a decrease of the steplength is not necessarily due to a step failure.
The estimate of o is made when a step fails or at least 4 steps have

:en performed after the last change. Because of the fact that repeated

:jections may be caused by severe errors, the process is interrupted if

iis happens three times in succession. After this interruption we make a

'start as described in section 3.1.

Our formulas are explicit and thus conditionally stable. Therefore the

eplength h is always bounded by
L 11) h o P =8@ ) /o,

Lax(p) being the maximal steplength with respect to absolute stability.
. (3.11), B(mmaX) stands for B](mmax)’ Bz(mmax) or §2(mmax),
Next we mention the implemented order control which is very simple
d based on the fact that,in general, the steplength is bounded by stability
quirements. As already observed the process is always started with a
:cond crder one-step scheme and a second order three-step scheme.
iring the process h normally increases until h = hmaX(Z)° If h reaches this
\lue, 4 steps are performed with the second order scheme and h = hmaX(Z),
'ovided no step failure occurs. Then, o is estimated for p = 1. If this
rticular a < 1.1, the process is continued with h = hmaX(Z) and the current
.cond order scheme. Otherwise the process is continued with a first order
heme, but, as a matter of caution, with h = hmax(2)° Then, the next time
is estimated, h is allowed to increadse while p = 1. This specific check for
. order decrease is made every four steps, provided h = hmax(z)’
If during a first order integration h becomes smaller than hmaX(Z), P
reset to 2. It is observed that an order increase is not necessarily

e to a step failure.

5. ESTIMATION AND CONTROL OF THE DEGREE AND SPECTRAL RADIUS

In order to control the propagation of local errors per integration
ep we want to satisfy condition (2.8). This is achieved by putting

<m , M being the maximal degree of the schemes, which satisfies (see table 2. 1)
max’ max




11

Cp]

m—-1

(8, @) < ToL :

arithmetic precision

.12) Q

r the three-step schemes m thus depends on p; there holds m (2) <
max max

laX(]). The maximal degree for the starting scheme is chosen equal to
laX(2) of the three-step scheme. If the exceptional situation arises that
ax © 2 (the quotient of TOL and arithmetic precision is too small), the
1
‘ocess 1is discontinued.

A property of stabilized methods is that the local truncation error of
le formulas is approximately independent of m. Thus it is useful to mini -

ze m with respect to the stability condition
.13) ho < B(m)

r given h and o, while B(m) represents Bl(m), Bz(m) and Ez(m),respective—
'« The degree m is computed in this way at the start of the process, at
1e change-over from a one-step to a three-step scheme, and further every
ime h or p is changed.

From the foregoing it is clear that we need an estimation of o.
icause of the fact that o is used to determine hmax(p) and to select m
nimal with respect to (3.13), it must always be an upper estimation. Once
is estimated and the syétem to be integrated is non-linear, it may be
:cessary to control the variation of o. Thus we also need a control mecha-
.sm for the spectral radius. With respect to the estimation and control of
we distinguish between 3 options, which option is chosen has to be speci-

.ed by the user.

'TION I. The user provides an estimation of o. Especially for linear pro-

.ems this is often easy to do.

'TION II. The user does not provide an estimation. In this case o is esti-
.ted by means of a power method which is adapted for general non-linear
.ctor functions f(cf. LINDBERG [6]). This method may be described as fol-
WS .

Suppose 0y = o(J(%Q) is to be estimated. Let r. be a random number from

€,e)s € > 0, and let s be defined componentwise by




. 14) v, . =

0,1
it € = max(e,elv
max
eration
vj+] =
. 15)
Pir =
ere v, = y0 and j
>0y If £ is non

proximately consta
nverge to an accur

In our program
ecision (e.g. for

soon as |pj+1 -p
t satisfied within

general, the proc
nt eigenvalue. As
e last iterate.

In case of the
so controlled. We
eases during the c
e. The instability
sults in a step fa
te o, provided the
ring the course of

inaccurate estim
tion o is compute
d we decide to ree

rcent.

The adapted power method is then defined by the

y f(vj) - f(vo)
max ﬂf(vj) - f(vo)ﬂz’

D - fl,

€
max

'5e00 o« If £ is linear, i.e. J(y) constant, then
r, then choosing ¢ sufficiently small, J(y) is
S(vo,e). Thus for ¢ sufficiently small, pj will

timation of o,.

0
‘e set £ = 104APR, APR denoting the arithmetic
ber € = 10—10)e The iteration (3.15) is stopped
-3

0 pj+l’ provided j = 4. If this inequality is
erations, the whdle process is discontinued.
nverges slowly because of the absence of a domi-

er of safety we therefore put o, = l.lp, p being

0
option the variation of the spectral radius is
guish between two situations. Firstly, o in-
of the integration and the process becomes unsta-
mediately detected by the error control and
After a step failure we therefore simply reesti-
re was not in succession. Secondly, ¢ decreases
ntegration. To detect a decrease of ¢ we use
of o, say c*, which is given by ¢ = Pqe The esti-
y 25 steps since the last estimation of o or c*,

. * .
e 0 1f ¢ has been decreased with more than ten




. note that 03 is in most cases a very rough estimation to o. To our
irpose this rough estimation suffices. At this place it is emphasized that
ndom values are used in formula (3.14). Though these values are small,

ey may slightly influence ¢ and, in particular, As a consequence, one

Pg-
ould use a random generator using a fixed generative value to

» able to. recover earlier obtained results (see also section 4).

>TION III. The user does not provide an estimation, but decides that an
1itial estimation by means of the power method at the start suffices. Thus
1 this case no control on the variation of ¢ is performed. For linear prob-

:ms it is clear that one chooses between the first and third option.

6. ALGORITHMIC CONNECTION BETWEEN THE CONTROL MECHANISMS

This short section is added in order to clarify the algorithmic connec-
.on between the mechanisms for controlling the order, the degree, the step-
.ze and the spectral radius. To this end an informal flowchart showing this
ymnection is given in fig. 3.1. In this flowchart it is assumed that we
100se option 2 for estimating and controlling the spectral radius. Because
! the fact that during the start of the process no control is performed
see section 3.2), it is also assumed that we are already integrating with
first or second order three-step scheme (in particular it is assumed that
> 3). Note that at the start of the process the spectral radius is estimated,
1e maximal degree m oo is determined, the initial steplength hStart is
stimated, the maximal steplength hmax(p)’ p=1,2, given by (3.11), is
stermined (see at the end of section 3.1), and the degree is minimized
:cording to (3.13). A more detailed flowchart showing the complete implemen-

ition is given in the next section.
THE PROGRAM

In this section we describe a FORTRAN version of the implementation
.scussed in the previous section. The program consists of a main program
id 11 small subprograms which are written to structure the program in order
» make it more easily readable and easy to modify. We emphasize that the

ibprograms are meant to be called by the main program, which is the sub-
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outine M3RK, and thus can not stand on their own.

The program integrates a given problem from an initial value of x to
value of x which may be slightly beyond a user specified output point,
ay X . The desired solution at the output point X is always interpolated

y means of the quadratic formula

4.1) y(x) = m@u-Dyx-2h) + u(2-W)y(x-h) + -1 W-2)yx),

herey = (x—xe) / h. After a normal return of M3RK the parameters in the
all 1list are ready to continue the integration. This means that when the
ser decides to continue the integration, he only needs to define a new
utput point X, and call again. In fact, M3RK is written in such a way that
he choice of output points does not influence the integration process it-
elf.

All information to and from M3RK is passed through its parameters in

he call list

M3RK (X, XE, N, H, HMIN, SIGMA, TOL, F, Y, Yl, Y2, YXE, DY,

DYl, IFLAG, INFO)

and XE represent the independent variable x and the output point X,
espectively. N represents the number of differential equations of the system
o be integrated. H an HMIN denote the steplength h and a smallest step-
ength, respectively.

IGMA represents the spectral radius ¢ and TOL is the local tolerance param-
ter. F is the name of a subroutine defining the differential equations.

> Y1, Y2, YXE, DY and DYl are arrays-of length N which represent the solu-
ion vector at x, x—h, x-2h, X, and the derivative vector at x and x-h,
:spectively. We prefer the use of 6 arrays of length N instead of one of
:ngth 6N for clarity, and in order to avoid the overhead costs of pointers.
1en using one array this overhead is not negligeable for our class of for-
1las because of the high degree. A small disadvantage is of course a longer
irameter list. IFLAG is an error flag and INFO an integer array of length
>, which is used to initialize the code, to pass information between M3RK

1d the subprograms, to pass information to the user about the status of




he integration, and finally to retain info

For specific information about input r
o the prologue of comments of M3RK, which
rogram (see appendix). Here we confine our
or a first call the only input parameters
= 1,2,3, while SIGMA is optional. For a s
arameter to be changed is normally XE. The
or the number of evaluations of f(y) to be
umber is reached while x < Xg» the process
qual to 1. In this situation the user has
rocess in a simple way. The message IFLAG

To give insight in the structure of th
f the names and meanings of the subroutine
START computes the initial steplength acco
ARAM delivers the integration parameters a
nd (3.1). PARAM contains a data-statement
tability polynomials S, P and ﬁéz)
ength 440.

into an

OWERM estimates the spectral radius (see s
ails IFLAG is set equal to 3.

AXDEG evaluates the maximal degree moax (c
s set equal to 2. MAXDEG contains a data-s
iven in table 2.1.

INDEG evaluates the minimal degree satisfy

TEP contains the actual integrator and per
tep with (2.1).
STIMA computes the local error bound and e
7).
EWH delivers the new steplength and the fa
NTER! performs the interpolation (3.8) and
NTER2 performs the interpolation (4.1) at
HIFT shifts the x- and y-variables and cal
are the next integration step.

In order to enlarge the portability of

tructure as simple as possible we have avo

n for subsequent calls.

ments and output we refer

r explains how to use the
to the observation that
XE, N, TOL, F, Y, INFO(i),

ient call the only input

must always give a maximum

. by M3RK., If this maximum

terrupted and IFLAG is set
ssibility to continue the
ans that X, is reached.

ram we give a short list

h are called by M3RK:

to section 3.1.

ng to expressions (2.6)

re the coefficients of the

nally declared array of
. 3.5). If the computation

12)). If m < 2, IFLAG
max

nt to store the 11 wvalues

e stability condition (3.3).

precisely one integration
es the local error (see

according to (3.10).
ates f(y(x-ah)).
tput point xe.

s a new derivative to pre-

rogram and to keep the

he use of common—statements.
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s a consequence the subroutines are completely local, i.e. all information
hey need is passed through the parameter list. On purpose we do not discuss
he various parameter lists. The meaning of the parameters should be imme-
iately clear when reading M3RK which is extensively commented. Moreover,

he subroutines called by M3RK are short and, as indicated above, directly
ssociated to small parts of section 3. Thus these subroutines are easily
erified by inspection. In figure 4.1 a flow chart is given which shows the
tructure of a complete program comprising a calling program, a user—-sup-—
lied subroutine F, our main program M3RK and the subroutines called by M3RK.
downward sloping line from one box to another indicates that the lower
rogram is called by the upper one. Observe however that F is always called
ia a parameter list.

A macroscopic flow chart of M3RK is given in fig. 4.2. In this flow
hart k = 1 and k = 3 for a one-step and three-step formula, respectively:

denotes the number of successive rejected steps, n denotes the number of

teps performed after start or restart, and s denotes the number of steps
erformed after an estimation, or check for an estimation of the spectral
adius.

There remains to make some comments about the poftability of the program.
2e whole package has been tested on a CDC 73/28 using 14 digits. It has been
ccepted by the PFORT Verifier (see RYDER [9]). The PFORT Verifier is a
rogram which checks a FORTRAN program for adherence to PFORT, a portable
ibset of American National Standard FORTRAN. M3RK uses one machine dependent
onstant, namely the arithmetic precision represented by the internal variable
PR. POWERM contains the CDC system subprograms RANSET and RANF, constituting

random generator. RANF is the actual generator, while RANSET initializes
1e generative value of RANF. It is emphasized that replacing the CDC randoﬁ

snerator slightly influences the results given in the next sectionm.
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no
enter first s call call
call MAXDEG INTER2
yes
prepare option
return \¥eS IFLAG first ) no call IFLAG
first 1 for o P
=2 call OWERM =3
step
i yes no
prepare /_\/ Y
PR call
continuing . 1 bt 3
HSTART
step /—\/
1 > 3 <
A A
w no yes no
call m,p or k es call IFLAG no es| call
MINDEG changed PARAM n=1 Xz xR INTER2
4 es
call call
STEP SHIFT
repare
prep step call
-~ restart at
rejection ESTIMA
initial x
call option call check for check for ﬁ—/
POWERM 2 for o NEWH (™| chamge > change g
and 1 - p=l-p=2|lp=2->p=1] L N J
A check for
/return no - call ol change r -3 no call
NEWH & INTERI
p=1>p=2
ers
prepare N call
restart HSTART
2
option es
call 2 for 5 N call IFLAC
SHIFT and s = 25 POWERM
no +no
Y /
. h changed N p changed S
< \
$10 *yes yes
ves
return call h changed call call \
INTERI INTER2 INTER2

Fig. 4.2

Macroscopic flow chart of M3RK




0
>. NUMERICAL EXAMPLES

In order to test subroutine M3RK, it was applied to several problems.
[wo of these problems are discussed in this section. Both problems are non-
linear and arise in practice. For both problems the semi-discretization has
>een performed by means of a continuous time Galerkin method (seee.g. DOUGLAS

2 DUPONT [41).

5.1. A ONE-DIMENSIONAL SYSTEM OF TWO NON-LINEAR EQUATIONS

The first problem we consider is a one-dimensional system of two non-

linear equations from electricity theory (cf. TE RIELE [12], section 3.2.6):

du_ . EEE - g(u-v)

ot paz glu=v/,
(5.1) X
2

3t P Tz T eluv,
9X

where 0 < x £ 1, g(z) = exp(%uz) ~ exp(—%uz), u=17.19, ¢ = 0.143,

> = 0.1743. The corresponding initial and boundary conditions read:

u=1, v =0, 0 < x <1, t =0,
Ju
(5.2) —a—;=v=0, X=0, t > O,
ov
u=1, 5; =0, x=1, t >0

Equation (5.1) was semi-discretized by means of a Galerkin method based
on piecewise quadratic polynomials, and implemented to yield a purely explic-
it system of ordinary differential equations (cf. BAKKER [1]). It is beyond
the scope of this paper to discuss this discretization technique. We confine
ourselves therefore to the definition of the semi-discretized system obtain-
ed for the equidistant grid {xi|xi = (i-1)/M-1), i = 1,...,M ;M odd}. Let
ui(t) = u(xi9t) and Vi(t) o v(xi,t). The equations for the ui-componerts

then are:
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U | ~1y2 - _ -
4, = 2sp(M 1) [7u] 8u24-u3] g(u] vl),
a,. = - ep(M—])z[Zu -u -u 1 -gl,.-v,.)
21 21 2i-1 2i+1 21 21
M-1
-3) 1 = 1,..., 2
u - -1 sp(M—])z[Mu - 8(u +u,.)+u +u 1-
2i+1 4 2i+1 2i+2 21 2i+3 2i-1
. M-3
g(u2i+]—V2i+]), 1 = 1,. .,——2 s
a=0

do not give the equations for the vi—components, because there are now

8y to find.

We integrated two systems, viz. system I and II obtained by setting
= 31 and M = 61, respectively. Both systems were integrated over the
iterval [0,20] by calling M3RK for XE = 10-2 (first call), and for
D= 10_1,1,5,10,20 (subsequent calls). They were integrated for 3 values

TOL, viz. 10_3,10_4 and 10-5. The parameter INFO(2) was chosen equal to
indicating the second option for the spectral radius (the specification
the remaining input parameters should be clear from the foregoing).

Results of the integrations are listed in tables 5.1 and 5.2. Table
1 gives the system I - approximations, and system II - approximations to
x,t) for the specified number of output times and some grid values X,

e approximations were rounded to 4 decimal places. Comparing the results

r a system for several values of TOL yields an indication about the

curacy of the time integration. Comparing the results for both systems for
veral values of TOL yields an indication about the accuracy of the space
scretization. From this table we thus have an indication about the

curacy of the approximations to u(x,t), i.e. the solution of one of the
mponents of the partial differential equation, at several times and points.

To get some insight in the course of the time integrations, and thus

the behaviour of M3RK, table 5.2 gives for all integrations for each out-
t time the following information: step = the total number of steps,
step = the number of rejected steps, fev = the total number of f(y)-

aluations, sig = the number of f(y)-evaluations needed for the estimation

BIBLIOTHEER VAT [METIECH LLN T
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d control of the spectral radius, sigma = the estimation of the spectral
dius used by M3RK. We observe that for both systems no step rejections oc-

rred. Among others, table 5.2 clearly shows the increase of the stepsize
ring the process. Because of the fact that the problem possesses a steady
ate solution, such an increase must occur. From this table we can also
lculate the average number of function evaluations per step at the given
tput times. We also see that the average number of function evaluations
creases as TOL becomes smaller. This is due to the fact that for the pre-
nt problem the stepsize is mostly restricted by accuracy requirements. If
is is the case the degree is minimized. As a consequence, a significantly
rger number of steps, due to a smaller value value of TOL, not always yie-
s a significantly larger number of function evaluations. This fact is cle-
ly illustrated by table 5.2. It may thus be preferred to choose TOL not
o large. Moreover, the various control mechanisms work better for smaller
lues of TOL.

We conclude this example by noting that all integrations were performed

thout the necessity of making restarts.

.2. A NON-LINEAR, TWO-DIMENSIONAL PROBLEM

The second problem we consider is a two-dimensional diffusion problem:

au 82u 1 9 Jdu
E"t:‘:B(U) [——azz‘l';g(rg—r—)] +‘Y(u), 0=<rc< re, 0 <zc< Zes
u(0,r,z,) = 500, 0O<sr<r,0<z<z,
. e e
5.4)
u(t,r,0) = u(t,r,ze) = 500, 0 <rc< r, t> 0,
uI(t,O,z) = 0, ur(t,re,z) = u(u(t,re,z)), 0 <z < z> t > 0,
lere r_ = 10—4, 2T 0.15, and B(u) = A(u)/p(u), v(u) = nu)/p(u),

(u) = ¢(u)/A(u). The functions A, p, n, and ¥ are defined by




692L°| Lv€9"| worwt| oéler | L1917 6zeo'| 1oest| <9 <8yt | wozer | ezort| szeor 0z .
OLze®| 8%€9°| S9Lv*| o6l€' | L191°| 6260 (| zoess| 9.€9° 98y | soze' | wzort| szeor or| &
[8TL°| 0L£9"| 16Lv"| €lzet| o0€91'| zego'|| sIeLc| 16697 118y | 9zze' | Le91t| oegor ¢ |
6YEL"| €6%9°| €01G*| 6S9€° | 61| zzvo' || €8€L°| €269 wzis| oL9g' | eL6lt| 6140 L
60LS7| LlzST| 9lIS"| 860S° | 8€Lvt| 90zze|| 99sst| wezst| siist| seoct | sezvtl 18Iz ol
14897\ £989"| £989°| £989' | £989°| s8vs' | 1z89°| 1989°| 1989°| s9g9r | 19g9°| sgoze: M;o_
69¢L™| LYE9™ | w9LY* | O6l€’ | LI9I'| 6ZEO' || roeLt| Su€9°| <8y | woze' | €z91t| rzEo! 0z| &
0LzL| 8Y€9" | <9r%* | o6le” | L1917 62€0° || 1ossc| sre9c| 98yt | wozer | wzort| rzeo or|
°8CL°| 8989’ | 88LY"| Olce” | 62917 z€€0' || gIeLc| 86£9°| 118% | 9zZET | LE91°| OEEO ¢ |3
8¥EL® | T6Y9" | €0IS° | 099¢" LL61°] ZTv0* 18€L° | 17S9° mw_m.“ 1£9€° | 1861°| 61%0° I -
16" | 612s* | 8IIS" | 6605" | 66L0°| 60zZ° | soss*| oczs| siict| e6ost | seryvt| wsiz: .01
7L897 | 04897 ] 089" | 0489° | 0/89°| ggys' | wug9'| o0/89°| 089" | 089" | 0[89°| 1/2ZS° | , Ol
69zL° | Lv€9' | woLy' | oelet | L1917 6z€0” || o00€Lc| sL€9°| s8Lvt| €o0ze' | €291°| 9zEO" 07|
69zL° | (v€9' | woLw' | oerer | 1917 ogeo” || roscc| sc€9°| ssLyt| wozet | €z9tt|  LzEO" 01| &
€8zL° | v9€9* | w8Lv | coze' | 9z91*| zeeo' | sieLt| 96€9°] o1yt | szze'| 9€91°| 0E€0 ¢ |t
ShEL® | 68%9° | TOIS' | %99 | 1861°| wTvw0' | LL€Lc| 9169°| TTIST| 9/9¢t| 8861°| TTvO® !
riest | szzst| €zist | solst | eww'| 6lze” | €L§T| Tvesty welst| so1sT| zwv| €617 | | oL
€889° | 6/89' | 689" | 6/89° | 6/89°| 86YS' | €889" | 6/89°| 6/89°| 6/89°| 6/89'| €825 | . Ol

6°0 8°0 9°0 70 20 0 60 8°0 9°0 | %0 20 0 ~

11 wo1sLs 1 wo3lsds




*(£°G) Sutuasouod YYEW INOQE UOTIBWAOIUT Z°C 91qBL
9°%0LY 8%1 6€€e 0 608 ¢ voel val SLLI 0 £8¢ 0¢
9°%0LY eel 9662 0 Sy ARV 6%1 8061 0 86¢ ol m
9°%0LY €cl 1€61 0 LLE ¢ 70¢€l 6¢€1 6811 0 €ce S i
9°%0LY 86 cL6 0 €Le ¢ 70¢el 6¢C1 618 0 €LT I o
9°%0LY £8 IS 0 961 [N a8 A 0 S6l _lo_ Y
9°'70LY 89 e 0 44 ¢ v0¢el 66 GLE 0 44! Nlo_
%°1.89 1c ¥4 0 0 [N VA | ¥4 4 0 0 0
G°C68Y %6 8¢ 0 or¢ 0°68I11I G6 Sorl 0 €le 0¢
G°C68Y 6L GL91 0 7%¢ 0°6811 06 6%6 0 S61 ol m
G*C68Y yZA 99¢1 0 ol1¢ 0°68I11 68 scL 0 IL1 S "
G°C68Y 6S %19 0 1974 0°68I1 08 69Y% 0 (44! I mw
G°T68Y LA 8l¢ 0 %01 0°68I11 SL 80¢ 0 €0l ~|o_
G'Z68Y A %61 0 99 0°68I1 S9 Sli¢ 0 99 Nlo~
7°1L89 |44 ¥4 0 0 [AA LA Ic ¥4 0 0 0
€°caey SL 8061 0 %0¢ 6°06¢I 09 8901 0 691 0¢ B
[ AN 09 G8I1 0 Gyl 670621 GS 699 0 €l ol =
£°C6EY SS (A%} 0 911 6°06CI 0s 91§ 0 86 S M
IR 0s Gy 0 08 6°06CI 0s L0E 0 6L I J&
AN GY €0¢ 0 8¢ 6°06¢CI 3 €81 0 8¢ ~..o_
£ esey oY LTl 0 8¢ 6°06¢CI 0% LTl 0 8¢ Nlo_
7°1.89 1C ¥4 0 0 C°C9YY 1C 1C 0 0 0
eudTs 31s s93 | daas dags BU3TS 81s IR dais dags 1
-91 -91
TT maatefle T maisks




A (

m (5.4
by POL
or the
on pie
n by B
we sha
inary
et {ri
j#10 3
tively

funct
ker sy
ry dif

Ce

25

18.4 « {0.128749610—13u4‘-'0.11687310—9u3 N

'.38489110—6u2 - 0.5698121 -3u + 0.57185303},

0

19300 = {0.14644103 + 0.18513 -1 * (u—0.104104)},

10

7.1486% « 12 x 1010 & {-0.378808 -1 + 0.267688  -3u +

0.1724588 ~74%3,

0

4 5 4
0.5669610 Tu * { 0.27049,110 17u” + 0.343869]10 13u” -

3

0.16390510-9u + 0.33056471 -6u2 - 0.119410-3u +

0

0.2667]12]0—1}.

ribes the temperature in a filament and was communicated
, who is gratefully acknowledged for his cooperation.
discretization of (5.4) we have applied a Galerkin method
~bilinear functions. We have made use of an implementation,
[2], yielding a purely explicit initial value problem.
fine ourselves to the definition of the resulting system
‘ential equations.

0, r, < T i=1,...,M-1, Ty = re} and {zjlz] =0,
T ze} be partitions of the r-axis and z-axis,
pi(r), i=1,...,M, and qj(z), j=1,...,N, be piecewise
1 = = 6 )

i.e. pi(rk) Gik and qj(zl) i1 where § denotes the
Further, let uij(t) o u(t,ri,zj). The resulting system of

ial” equations is then defined by

3 i=1,...,M, J=1,N,

TIWTIB(u..) {r w.ﬁ( ). - a..u.. — a.. .u,, -
i ] ij e ] qu iM ij 1] ij-1 1ij-1
ij+1%5+1 T #-13%-13 T ai+1jui+lj} *v(ug ),

= 1,...,M, j=2,...,8-1,




here

r VA

e e

v, = J rpi(r)dr, W = J qj(Z)dZ,
0 0

5.7) r g

3 = Jerr[ﬁi(r)ﬁk(r)qj(z)ql(z) + 2y (0P (©) 4,24 ()] dr de.
00
Again M3RK was applied to two systems. For both systems
. (i—l)re/(M—l), i=1,...,M, and zj = 0.06*(j-1)/(N—1),
= 1,...,N-1)/4; 2, =2 + 0.24/(N-1), j = +3)/4,..., (BN+1)/4;

1

=z, + 0.06/(N-1), j = (3N+5)/4,...,N. The choice M=5, N=21 and M=5,
j-

341 yieids system I and system II, respectively. Because of the physical
ature of the problem it is not necessary to choose M > 5. A finer grid at
he endpoints of the filament is necessary in order to deal with boundary
ayers. It should be observed that, because of two reasons, the resulting systems
re difficult problems for our explicit integrator. Firstly, the systems

re strongly non-linear. Secondly,in spite of the relatively small number of

ridpoints, we have to deal with a large spectral radius because of the very

mall size of the r—interval.

Both systems were integrated over the interval [0,1] by calling M3RK

‘or XE = 0.1 (first call), and for XE = 0.2,0.4,0.6,0.8,0.9 and | (sub-

3 4

equent calls). They were integrated for 3 values of TOL, viz. 10 ~,10 ' and
0—5. Again, the parameter INFO(2) was chosen equal to 2.

Some results of the integrations are listed in tables 5.3 and 5.4.
'‘able 5.3 gives the system I-approximations and system II-approximations to
Llj(t) at the specified output times for some values of zj € [O,Ze/2].
lesults for z € [ze/Z,ze] are omitted, as the solution is approximately
ymmetric with respect to ze/z. With respect to comparing and interpreting
‘esults of table 5.3, we refer to the remarks made at the preceding

xample.

Table 5.4 yields the same type of information as table 5.2.The reject-
ons clearly indicate that the guidance of the process is better for smaller
ralues of TOL. Because of this, and because of the minimizing property of
‘he degree, we again conclude that it may be preferred to chose TOL not too

arge. This conclusion particularly applies when integrating stongly non-

inear problems.

We conclude this section by observing that all integrations were per-—

‘ormed without the necessity of making restarts.
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. CONCLUDING REMARKS

The purpose of this paper was to develop a robust and efficient time
ntegrator, being easy to apply to a wide class of linear, and in particu
on-linear, semi-discretized parabolic problems in one and more dimension
lthough it is not clear that, e.g. for a two-dimensional non-linear prob

ur method needs less computer time than an unconditionally stable method

such as an implicit method or an ADI method), the easy applicability of
ibroutine, when used in conjunction with semi-discretization, reduces th
iman effort needed to solve a problem under consideration. For example,
1e subroutine is easy to use with a software interface performing the
emi-discretization (see e.g. SINCOVEC & MADSEN [11] or BAKKER [2]).

It is of interest to observe that until now stabilized, explicit
ethods, as well as their implementations, did not receive very much atte
ion in literature. As a consequence, it is most likely that the present

mplementation and its underlying algorithm can be improved significantly
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APPENDIX : ‘ I

GUBROUTINE 3RK(X, XE M, H HRIM, SIGHA, TOL,F, Y,

+ Y1,Y2.YXE;DY,DY{,IFLAG, INFO)
ChK R KRR AR AR AR AR R A KA RAR R R AR A AR AR R AR AR MR AR A AR R AR KR AR AR AR A A AR kR
IBTRACT *

TR KA R AR KR A AR RN AR R R AR A AR R R R A AR AR AN A A A AR R AR AR R AR A AR R AR AR ARNARAKARKR
3R 18 PESIGHED TO SOLVE INITTAL VALUE PROBLEMS FOR SYSTEMS OF
INTUARY DIFFERENTIAL EQUATIONS OF THE FORM

DY/DXZF (Y (1)) 000 Y (M),

Y(I) GIVEN AT X,
ITCH ORIGLIATE FROM SEMINISCRETIZATION OF INITIAL=BOQUNDARY VALUE
MWALEMS FOR PARABOLIC PARTIAL DIFFERENTIAL EQUATIONS, MR3IK IS
VSED 05 STABILIZED,EXPLICIT THREESSTEP RUNGE=KUTTA FORMULAS OF
WER QUE AND THO,0F WHICH THE DEGREE CAN VARY BETWEEM 2 AND (2,

PR MEEDS o ARRAYS JF LEVGTH N, WHICH ALL APPEAR IN THE CALL LIST,

IE CODE INTEGRATES FROM X TO0 XE,OM NORUMAL RETURN THE PARAMETERS 1IN
£ CALL LIST ARE READY FOR CONTINUING THE INTEGRATION,TO CONTINUE

B TGTEGRATION, THE USER MEEDS 2MLY TO REDEFINE THE OUTPUT POINT XE
N CALL AGATY,

SR CALLS 11 SUBRAOUTIMES WHICH HAVE BEEM WRITYEN T0 STRUCTURE THE
VOGRAM THESE SUBRDUTINES AREg
STARY = [ISTART COMPJUTES THE IMITIAL STEPLENGTH
WRAM = PARAS CDHPUTES PARAMETERS OF THE VARINUS IMPLEMENTED
SCHEMES FROYM THE COEFFICIENTS OF THE STABILITY POLYNOMIALS
JERA w POWHERY ESTIYMATES THE SPECTRAL RADIUS OF THE JACOBIAN OF F
WXDEG « (AXDEG COYPUTES THE HAXIMAL DEGREE OF THE FORMULAS,
MICH 15 ALLOWED ulTH RESPECT TO INTERMNAL STABILITY
HDEGR = DTHREG COVMPUTES THE MIMIMAL DJEGREE OF THE FORMULAS,
iMICH IS ALLOWED ¥ITH RESPECT 7O ABSOLUTE STABILITY
‘PR = 3ITEP CONMTAING THE ACTUAL INTEGRATOR
sTIMA = ESTINA COUWPUTES A LOCAL ERRDR BOUMD AND ESTIMATES A LOCAL
pREGR
Jdn = g DELIVYERS A lEw STEPLELGTH
TERY = INTERY PERFIRMS IHTERPALATION AFTER A CHANGE 0OF THE
STERLEIGTH
(TER? = I”T&”P DHTERPOLATES THE SOLUTTON AT THE CUTPUT PQINT XE
TFT  w SHIFT SHIFTS THE DATA FOR 4 MEXT STEP

IESE SURROUTIMES ARE COYPLETELY LOCAL,[,E,THE TAFORMATION THEY
BDOIS DASSED THROUSH THF PARAMETER LISTS,THE 4HQOLE PACKAGE HAS
£ TESTED U1 A CNC CYRER 73=28 USING AN ARITHMETIC PRECISINN OF
b DIGITS,TAE CODE POUER' USES THE CDC SYSTEH SUBPROGRAMS RANSET
TORAE COUSTITUTING A QAHA0N GEMERATNI RANSET AND RANF MUST BE
OLACED HEN BTG THE PRNGRAM 0 AHUTHER COMPUTER,
If CONES CALLFD 2Y 43PK USE 1D MACHINE DEPEMDET CONSTANTS,
PR USES OUE MACUTUE DEFENOEST COMGTANT,,HAMELY THE ARITHHMETIC
FCTSTO OF THE COYPUTER TN THE PROGRA THE JNTERNAL VARIABLE APR,
TC U PLPEESEITS THE ARITHHETIC P"ECISIP‘gE’:}'JALS 1, 0Emidy, APR MUST
CHAa 'GED ACCARNIIGLY “HEY USTHI6 THE PRAGRAM 0M ANOTHER COMPUTER,
OASRLE PNNGRAYM PACKAGE I8 ACCERTEN RBY THE PFORT VERIFIER,THE
DAT OVERIFIET IS A PROGRAY UnICH CHELKS A FORTRAN PRIGRAM,I,E, A
ST enanar A SURDLNGRAVMES, FAR ADIERENND T PFART,A PORTABLE

BSET LF REOTCA ATIZNAL STAUNARY FORTAA(SEE L)), THE WHOLE
AP “gLFt‘f T3 COIPLETELY EXPLATHEDR AYD DESCRIZED In (2!,

* % % ¥ K W% X B % B % X X ¥ XN B R B R HERF AR N D AR R % B YW NN R RN R B RN RN R E R A B W N




1 RYDER,B,G,, THE PFORT vERIFIEé,SOFTwARE PRACTICE AND EXPERIENCE,
VoL, 4,PP,359=378,1974,
1 OVERHEN, JoG, Al TYPLEMENTATION OF A CLASS OF STABILIZED,EXPLICIT =

=

METHNDS FOR THE TIME [WNTEGRATION OF PARABOLIC EQUATIONS, (TO *
APPEAR), *

EA AR R AR A A A A R R AR AR R A A AN A A AR A R AR A AR A AR R A F AR AR A AR AN A A AR A AR AR RN R A A AN AN
CRMTING NP THE PARAMETERS *
*tt&txt*tk*t*k*****‘*iﬁt**k*t**t******tﬁ#k**t*i*t**%*t*****ik*tt**#*
w VARIABLE 2 THDEPENDENT VARIAULLE *

= EXPRESSING 3 QUTRAUT POINT AT WHICH SOLUTION I8 DESIRED &

« DXPREZSINY 3 WUMZER JIF EQUATION *

w VARTADLE § STEPLEMGTH *

I = YARTABLE g MINIMAL STEPLENGTH *
61 @ ARRAY 3 Al ARRAY OF LENGTH 2 CONTAIMING ESTIMATES *
DF THE SPECTRAL RADIUS OF THE JACDBIAN OF F *

i « EXPREZSIO t LOCAL ERRQOR TOLERAMNCE *
« SURRQUT I,& 1 DERIVATIVE *

= ARRAY $ SOLITION VECTOR AT X, INPUT AND 40RK ARRAY *

‘ w ALRAY 3 S0LJTION VECTOR AT Xel, HDRK ARRAY *
! w ADRAY 1 SOLUTION VECTOR AT Xe2H,WORK ARRAY *
E = APRAY § SOLUTION VECTOR AT XE,QUTPUT AND WORK ARRAY *
! « ARRAY ¢ DERIVATIVE VECTOR AT X,WORK ARRAY %
1 w APRAY : DERIVATIVE VECTOR AT XwH,WORK ARRAY *
LAG e VARIACDLE t ERROR FLAG *
WO e ADRAY ¢ IMTEGER ARRAY OF LENGTH 1S5,IMF0 I8 USED TO *
BASS INFORMATION TN [HITIALIZE THE CODE,TO *

PASS IMFNRMATION BETWEEW THE MAIN PROGRAM AND x

THE SUBPRQOGRAMNS,TO PASS THFORMATION TO THE ¥

USER AROUT THE 3TATUS OF THE INTEGRATION,AND =#

TO RETAIM THFORMATION FOR SURSEAQUENT CALLS, %

(R E A S RAAN SRR AR X R AR R AR P AR AN A AR AR ARARRAR R AN A ANARABARARRARAARKANRRAARRAS

RST caALlL TU M3RK *

F R AR R AR AR R AR AR AR N AR AR A RN AR A AR AR AR AR TR AR A ARAS AN ARRKARA A AAA S RAREARAR

IE USER IUST PROVIDE STORAGE T: H4I3 CALLING PROGRAY FOR THE ARRAYS

COTHE CALL LISTLHE <AS T2 SUPPLY THE SUBRDUTIME F(M,Y) FOR

PALUATING THE DERTIVATIVES DY(I)/DT,Im1,,,,, e WHICH MUST BE OVER=

CTTTES 0 Y(I)FOR THE B3PECTRAL RADIJS THERE EXIST THREE OPTIOMNS

IC1 MUST BE SELECTEL A1TH I1F0(2), 14 INFO(3) THE USER “UST GIVE
SAALUU FOR THE CUIMHER IF EVALJATINNS OF F(Y) TO BE SPENT(OW RE=

IPLTT Ay OCCUR THAT INPN(3) IS EXCEEDED JITH ABOUT S0)

EE RS EEFEREESERE RS &S

iPyT PA?@MLTE?S

EESERSE SRR R EEEEEE SN

o

= TOUTTIAL VALJE OF THE INDEPFUDEMT VARTARLE
. = LITEUT PATIT AT SHICH SOLUTINY IS NESIRED
s LUMLER P ENIATIOANS
(N4 = (])= A UVOPER ESTIAATIOG OF THE SPECTRAL 2ADIUS OF THE JA=
COsTa - JF F I8 CASE OF APTID! {FO2 WPTION 2 Ak 3 ND
IVITIAlLTZATION I3 REQUIRED
L = LAl ERROR Tyl ERAVCE

L]

JLCTO™ 0F TUTTTAL VALNIFES OF THE DEPEMDENT VARPIABLES
Foroe 3= o T TNICATE FIRST CALL
(oY= 1 TN T DICATE OPTION § FOR THF SPEETRAL rFADTUS,T.E,
THE H8pP AST IMVITIALTZE SIGUHA(L)
= QO T TODICATE URTINN 2 FOP THE SPFCTRAL RADTUS,T.E,
THE OCODE TUTTTALIZES SIGA(L) AND COHTROLS SIGHA(])
= 5 TO DIDNICATE UPTING 3 FOR THF SPECTRAL RALRTHS,T,E,

* % B W W N W W W # % N ¥ B N o ¥ W H B X P N




THE CODE O4LY INITIALIZES SIGMA(1) AT THE FIRST CALL «
MAXTHI JUMBER OF F(Y) EVALUATIONS T0 BE SPENT *
ARAARA KRR &
ETERS *
AR AR Ak Aok g ' *
POIYIT REACHED IM INTEGRATION,MNORHALLY X IS SLIGHTLY %
Ny XFE *
1AL STEPLEMGTH FOR SUBSEQUEMT CALL *
MAL STEPLENGTY USED BY M3RK *
UPPER ESTIHMATION OF THE SPECTRAL RADIUS IMITIALIZED BY
THE 1USER OR 8Y PQOWERM *
IMACCURATE ESTIMATION OF THE SPECTRAL RADIUS USED FOR #
ITS COHTROL *
TIN| VECTOR AT X *
TION VECTOR AT XeH *
TIOYN VECTOR AT XwpH *
TION VECTOR AT OUTPUT POINTY XE *
VATIVE VECTOR AT X *
YATIVE VECTOR AT XeiH *
NORIAL RETURM,ILE ,OUTPUT POINT IS REACHED *
QUTPUT POINT IS NOT REAGHED,THE MAXIMUM WJMBER OF *
F(Y)=CVALUATIONS HAS BEEY SPENT,THE PROCESS CAN 8E COMe x
TINUED BY IWNCREASING IWFDO(3) AND CALLING AGAIHN %
MAXIMAL DEGREE FALLS QUTSIDE THE RAMGE AS TOL/APR IS %
T390 SYALL.THE PROCESS IS NOT STARTED ®
POWERY FAILED IN THE ESTIMATION OF THE SPECTRAL RADIUS, #
THE PROCESS IS DISCONTINUED *
1 7O INDICATE THAT THE MEXT CALL IS A& SUBSEQUENT ONE
{ I: CASE OF OPTION | OR 3,ELSE 2 *
UNCHAHGED *
TOTAL NUMBER OF T'ITEGRATION STEPS PERFORMEDR,I,.E, *
ACCEPTED ANMD REJECTED ONES *
HJHBER NF REJECTED INTEGRATIOY STEPS *
PIMBER OF RESTARTS IMITIATELD BY THE CODE *
TOTAL NUMBER 0OF DERIVATIVE EVALUATIONS *
NUMBER OF DERIVATIVE EVALUATIONS !USED FOR THE ESTIMA= #
TIOH AMD CONTROL NF THE SPECTRAL RADIUS *
CURRFET DEGREE *
MAXIMAL DEGREE FOR THE FIRST ORDER FORMULAS *
MAXTUMAL NEGREE FOR THE SECNHD DRDER FORMULAS *
CJRRENT QRNER A
HAMSER )F STEPS PLRFORMEN AFTER START NR RESTART *
HMHER OF STEPS PERFORMED AFTER CHANGE 2F 4 OR ORDER =«
LMREDY OF STERS PERFOQAED AFTER ESTIMATIOY OF SPECe *
TRAL RADIUS *
*

*

%

*

k 4

*

*

oW a N 8 90 6 W

44 & & oh 90 & W

IZED THAT Tib QUTPUT LIST GIVEW ABOYE I8 0T ZTRICTLY

wORETIR G IFLeS IS FYNAL TO 2 0w o3,

ROEUPIASIZED THAT 0 RETURY THE ARRAY Y ALwAYS COHTAING
JECTRR AT THE POIST X, THUS “HE [FLAG=23, THE USER HAS

LTY T) NESTART THE IPROCESS AT THE POIUT X, PROVIDED HE

ANFE ACTIV: I1Td RESPECT T THE ESTIHATIRG NF THE 3PECe

EAAARR AN R LA A AR AR A A A A A AAA AR AR AR A AL A A AN AR AR KA AAR MR AR R A A Kk ko
ALLS TO 132 *
AAAARAE AR R AR Z S X A AR R XX AN R A AR KK A AR KR AR A A S A A AR AR AR A AT RN A AR A K

R ALL PARLULTERS ARE RFADY FOR CNVTINGTHG THE I4Tie «




ATION,PROVIDED IFLAG IS NOT EQUAL TO 2 OR 3,IF XE IS REACHED AND
NOR=AL CONTINJATION I8 DESIRED,THE USER MEEDR ONLY TO DEFINE A NEW
ITPUT POINT XE AN CALL AGAIN,IF 04 RETURN IFLAGmL AMD THE USER
TS TO COHTIMIE,HME ONLY HEEDS T0O IMNCREASE IMFOCI) AMD CALL AGAIN,
[E PROGRAM 1S WRITTEN IN SUCH A YAY THAT THE CHOICE OF OUTPUT
i14T3 DOES MOT AFFECT THE INTEGRATIOWN PROCESS ITSELF,BETWEEN SUBw
QUENT CALLS THE USER MAY INCREASE TOL,ALL OTHER PARAMETERS MUST
PIATH UNCHANGEDR,THE COUMTERS Ti IMFO ARE USED ACCUMULATIVELY,
AR AR R AR AR R R AR AR A K AR AR AR R A R R AR AR AR AR A AR AR AR R KA AR AR A AR AR AR RARR A&
NGRAM TEXT %
AR KRR KA AR KA AR AR R R AR AR R R R A AR AR A AN R A A A R AR K AN A AR AR AR AR R A AR R AR R AR AR AR
DIMENSTON YOI YLOD) g YR2CN) G YXE(H) 4DY(N),DYL(H),SIGMA(2),INFO(LS)
KA A KR ARKRR A AR A A AR AR R R AR A A ARk Rk R A *
ARTRG OF THE IMTERYAL VARIABLES *
Ak R AR ARRUKAARARRAR KRR ARARARRAAAAR *
Fa = THE FACTOR FOR CHANGIMNG THE STEPLENGTH *
n THE ARITHMETIC PRECISION x
Lo PREVINUSLY ACCEPTED STEPLEMGTH &
nn PREVINISLY JSED DEGREE %
JECT HUHBER OF SUCCESSIVE STEP FAILURES *
*
*
#*
4
®
*
®

W % kX% W W N W

HOHZERD B=PARAMETERS 0OF THE SCHEHME
C=PARAMMETERS 0OF THE SCHEME
LAGDA=PARAUMETERS OF THE BCHEME
AX tAXI AL STEPSIZES AITH RESPECT T ABSOLUTE STABILITY
g ] LOCAL ERROR BOUMD
MR e ESTIMATED LOCAL ERROR
HE AR AR R KA R R A AR AR AR R A A AR A A A A AR AR AR R R AR R AR R AR R AR R A A AR AR KRR AR AN R AR AR
IMTEGER REJECT
REAL LA
CIMEISTION 8(),C(12),LA012),HMAX(2)
E R AR AR R AR A AR AR R A R AR A AR R A R A AT RN R A AN AR R AR T AR N AR A AR A A AN A AR R AR AR ARk k&
ALREADY PAST OUTPUT POTHT DURIHG A SUBSEQUENT CALL,THEY INTERe *
HLATE AND RETURM *
KA AR KA AR R R A AR A R R A A A AR AN A R AR A AR A A A R A A A AR AR A A A R AR AR R A AR R A AR AR A Ak &
IF(TOFUCL) oEda0a TR XGLTLXE) GOTO {0
CALL TUTERZ( U, Y, Y1,Y2,YXE, (X=XE)/H)
ETIIN ‘
KA R AR AR AR E AR AR AR N A AR AN AN KA AR R A AR AR AN A AR A AN AA R AR SRR AR AR AAR A AT kA A AR
T THE FORUOR FLAG IFLAG EQUAL TO ZERD AMD INITIALIZE APR,DETERMIMNE =«
IE MaXINAL DEGREES SITH RESPECT TO IMTERMAL STABILITY,IF NECESSARY =%
TERRUPT %
AAA 2 A AN RARE AR KA R A AN AR AR AN AR R AR AR AR A A A A AR A AR R AN AR AR AR AR AR A A KR KRR A XA
1FLAG=y
APP=l UEwl
CALL HAXDEGET L ARPR,IFLAG, JHFD)
IFCTFLaGvEL,2) G2Ta 2¢
RE TN
KA K AR AR A RA R A A KA A AR ST A P AS A A A ARSI R AN T AT AR AT ANA AN ARSI AAARARAA A R A bk A v Ak Ak & &
TTHD CunTROL VARTARLES PLJIECT AND HOLD FaR A CONTIAUING CaLbL,AXD %
STTTEL I 70 T ARDAY 1Max ®
FAE R AARARAR AR AR R A AP A A AL A AR A A A A2 R A Y R AR AR A A AR AR AR ARG AR AN X R A A A A ARRAAA K&
IFCT P (1) B igu) 50T 30
B EJFC Ty

A

2 ¢ & & & & # 2 32

imid
A (LRSS  1SEP L AT (LR IO YRFLOAT (T IF(10)) /316G 1A(T)
.

CARF L LT T EN L)Y RE LT (T R 1))/8IGA(L)




ti*iit*k*k*#*#kk**k**k********t**k*k*kt**t*#*********tt*t****t**kt*
T REJECT,HOLD AND 4 FOR THE FIRST CALL, SET THE ELEMENTS INFO(I),
Dosear9,13,14,15 EQUAL TO ZERD AND INFO(12) EQUAL T0 2,70 PREPARE #
E FIRST STEP EVALUATE F(Y) AMD SUBSTITUTE INTO DY,IF NECESSARY *
TIMATE THE SPECTRAL PADIUS AMD CHECK FOR A FAILURE OF THE ROWER *
THOD G IMITIALIZE ARRAY H4AX AMD ESTIMATE THE INITIAL STEPLENGTH *
AR A AR A R AR AR R R A A A R A A AR A A A A AN AR AR AP A R AR R A AR AN AN A A AR AN R R AR A AR AR AR A &

IMF0(1)s

REJECT®O

DO 4y 124,9

IMFO(I)=0

Do 5¢ I[=13,15

IMFO(I)=0

IHMFd(12)=2

NN k) I=zi, 0

DY(I)sY(I)

YL (I)=0,

Yi(I)=0,

Y2(I)=mu,

CAUTIHUE

CALL F(N,DY)

IHEQ(7)Y=INFO(T7)+1

IF(TINFO(2) ,EQ,L) 8070 70

STGHA(1)=0,

CALL PUAERY(, Y Y1, YXE, DY, DY 1,F,5IGMA, APR,IFLAG, INFD)

IF(IFLAG,NE.3) GOTO 70

RETRY

AMAX(1)25, 15*FLOAT(IHFO(10)) #FLOATCZHFOC10))/SIGHA (L)

HMEX (2)%2,29%FLNAT (LUFO(11) ) «FLOAT (TUEO(11))/SIGHA (L)

CALL HMBTART(,Y,5Y,YXE,F,TOL,APR, SIGHA(L),HHIN, INFO)

HE ]

O sl
AEAARA AR AR A AR AR R AR R A A A A AR R R R A AR A R AT AR A R AN AR A A AT AR AR KRR AR AR A AR AR Rk k%
TeER“T0E THE DEGRELC,AUD,IF NECESSARY,CALCULATE THE PARAMETERS OF *
FOSCHIHWE TO RE UBED %
AR AR R R RARNE R AR A AR A A A A R AR R A A A A AR A AR AR A AR AR R A AR AR AN AR AN A ARANR AR AAAA
SaLhsT FN(2)

CALL "IubEGC1, 3TGMACL), THFO)

IF(IHF0(R) E3,0LY) GOTN 90

CAaLL pAHA”(CgLApEQIHFm)

PR Ak E A AR RKRAEE A A R AN R A KA AR AN R AR AR AR AR A A AR AZAR R AR R XA A A AN AR AR A R AN Ak k-
ECS TP THE TAXT b HUHMHER OF EVALUATIONS I8 REACHED UPDATE HMIN ¥
QAL LATE A SOLITIN AT XaH &
AE R A AR A AN A A A AR A A A A A A A A AR AR AT AR AR AN R A R RAA AR AN A AR AR AR R AL A AN A AN A&
IFCTIRD(T7)Y,GELI'FI(3)) TFLAGE]

TErTRLAG,ME 1) BAT2 100

WE TR

LF (LTt ) 1 gk

CALL BTERC Yy Y Y2, YXE DY, DY, H,F,C, LA, 2, INFD)
TR {18)=1 F013)+

L EDE- SRR
AA A2 kA kAL

EA R AR AR REA KR AR AR KA R AR A AR XA AR A A A AR R AR A A AKX A XA R AAR B R A A AR A AA
35 LS5 TD THE START PHASL,5AIFT THE DATA,CHECK FOR THE *
TT AT Lo ITH A THREERSTER SCUECEC,TF THE QUTPUT PATHNT IS PASSED »

TEQVOLATE 800 POTAR *

[




KA AR AR AR A A AR AR R AR AR AR A A A AR A AR R A AR AN R A A AR AR T A A AR A A A AR A R A AR K &

HFO(13),GE,3) GOTO {10
SHIFT(N,Y,YL1,Y2,YXE,DY,DY1,X,HOLD,F,IHFO)

(14)sIMFD(14) +1

(15)811FOC1S)+]

HFO(13),EQ,1) 6OTO 90

(9)=20

LT.XE)Y GOTO 89
THTER2(N, Y, Y1 ,Y2, YXE, (XaXE)/HOLD)

RH
AR AR R AR R AR A A A AN R A AR A R R A AN AR A A AR AR AT R AR AR A AR AR AR AR A AR A kA kK
TE THE LJCAL ERROJRBOUND AND ESTIMATE THE LOCAL ERROR, %

AR AR A ARARAR AR AR A AR A AR AN RN R AN A AN A AR AR RN AR AN A AR AR A R AR ARk &
ESTIMACY, Y,Y1,Y2,YXE,TOL,EPS,ERROR, INFO)
KR AR A AR R AR AR A AR EAR R A AR A AN A R AR AR AR AN A AR R AT AAR AR A AR A A A A A AR ARk
ERROR IS TON LARGE FOR THE THIRD STEP AFTER START,THEN REw *
T INITIAL POTIHT AITH HaH/1i0 &
ARATARAEA R AR R AANRARKARAEARAAR T A CR A A AR IARANRARAA AR AR A A S A A A A A A A
PS,GE.ERROR,OR,INFO(13),MNE,3) GOTO 130
(6)=INFD(6)+1
(5)2INFO(S)+3
(?)=0
(13)=0
(14)=0
(15)=0
CakH
10,
20 I=ti,n
=Y2 (D)
)=Y(I)
I'MIE
FN,DY)
(7)SINFO(T)+1
8y
KA AT RAEA R AR R AR AR R AR R A AR AR A AR AR AR AR RN A AR R AR RSB A ARASA AR A A RAA R A AN
FATILED,CHECK FNR A REESTIMATION OF THE SPECTRAL RADIUS,IF *
RY,CHECK FOR A FAILURE DOF POWERM AND UPDATE HMAX #
AE R AR R AR R AR R R AN AR AT A A AR R AR AR AR AR A A A A AR AR R AR AR AR A AN A A AT A AAN AR
HFO(2) 4B 1 ORINFO(15),EQ,0,0R, EPS,GE,ERROR) GOTQ {50
A(1)=0, :
POWERT(, Y, Y1, YXE, DY, DY L, FoSIGMA,APR, IFLAG, INFD)
FLAGME ,3) GITD 140
oy

e a
RS

(1)25,154FLNAT(INFICI0))I&FLOATCINFO(L10))/SIGMACL)
(P2)=2,279%FLOAT (THF(11))#FLOATCINFD(11))/8IGHA(L)
AR EE A B AR A AR A A AR AR AR KA A AR R AR N R AN A A R AR A AN AR AAAR AN A A AR A A A A ke kb
TE A wfd STEDLENGTH *
A AR A AR A KR AR AR R RS K AR AR R A AR TR R AR R A AR R AR AN A AR R AN A AR AR R R R AR K AN AR
a4

JESH(EPS/ZERRIR, HOLN, H, ALF A, HMAX, THFD)

ARKARZAKAR AN KA A A AR KA AN A B A R KRR AR AR R ARK AR A A AR AN R R A A A AR A A ARk kAR AR
DRGER ENIALS 1 AP THE STEPLENGTH I8 SYALLER THAN THE MAXIe %
PLESGT U FAR URNER 2 RESET THE ORLER *
AA A AR R AR AN KA A AR AR S A AR A A A AR A A A RAR R A AR A A A AR ARARAAFNASG A AR AR A A A A A A R
FO(12),E, L, AN LT HMAX(2)) THF2(9)=0
SF0R) E2,.0) TRJ(12)=2




*k*t*ti*kti*tit*tx*ktk*k*kt*tti**k*********k*ﬁ***k*******t*t#kt****
STEP FAILED REJECT THE IHTEGRATION STEP.CHECK FOR THREE SUCCESe
VE FAILURES, 21D, IF HECESSARY,INTERPOLATE FOR THE MEw STEPLENGTH *
EA SR AARK A AR AR AR AR A AR T AR AAR AR R AT AAA AR R AR ARR AR AR AAA LA A AR AR AL AR A AR A AR
IF(EPS,GELERRNRY GQOTD {70

REJECT=REJECT+

THFO(S)=INFO(S) +1

IF(REJECT,ER,3) GAT0 150

CALL THTERICH, Y ¥1,Y2,DY1,F,ALFA,INFQ)

GNTH Bg

F A AR AR RRR A AR R AR AR R AR AR R RREARAARKER N AN RN RARRRAA AR A AR AN AN AR A A Ak d
SET RLJECT,INFO(I),I26,%9,12,13,14 AND THE STEPLENGTH FOR A *
START *

KA A A A A AN A A A A A A R AP AN A A AR AN AR A R A A AR AR A R AN R A A AR R A A AR A A AR A AN AR AR kA
REJECT=0

TIFO(6)sINFO(6)+L

TVFO(9)8)

0 (12yae

INFQ(13)=s0

[NFO(14)80

CALL HSTART (!, Y, DY, YXE,F,TOL,APR,SIGHA(1),H,INFD)

H0{ DaH

G070 Ay

KR AR AN R R AR AR R R A B R A A AT AR AR A AR A AR AN A AR AR AN T RRAAARAAA AR AARARE AR A AR ARk A
i CUT IF THE ORDER SHOULD CHANGE FROM 2 T0O {,0N EXIT OF THIS *
OGRA PART f ZHOULD RE RESET TN HHAX(2),IF THE ORDER HAS 70 BE *
AGBED FROT 2 1O { SET INFN(9)=0 *

AA AR AR A AR R A MA N RS R AN AT A A AR AN R R AARAARS A AR AR AR A A A AR ARk h ARk

IF(TUFOCLA) s LT I, OR,INFO(12),EQ L) GCTO 180

TF(ADLD UE JHYAX(2) OR AGNE JHMAX(2)) GOTN 180

THFO(12) =1

CALL ESTIMACI, Y, Y1, Y2,YXE,TOL,EPS,ERROR, INFO)

CALL EWH(EPS/ERRIOR, HOLD, H, ALFA, HMAX, THFD)

IF(ALFALELL,Y THFO(12)=2

HeHMAY(2)

TN (4) s

IF(TUFN(12),EQ,2) GOTN 180

1TUHFN () =0
ERE R AR E R E RS AN A C AR AR AP AL AR AR R AN AL A AR AN AL R AR AR RNARRRARE YA AT AR AN AL AR
IFT TIE DATA *
kAR R AXRRERALARRRR IR A A KA RS AR AR A AKX R A AN T ARAA R AR EAT AT AL A A AR AR RARA AR A Y

CALL SUINT(, Y, Y1, Y2, YXE, DY, Y1, X, HOLD,F, 1HFD)

REJECT=O

[YEN(TU)s] FO(L4)+

INFAIS)IsIE(]1S)+1

AL A AR N AL R AR AR AR B A A R A AR A AR A A AR A A A AR A A S A AR AR AR A AN R E AN AR AK R A A A ARG R g
ECK FOR A REESTIVATION OF Tof SPECTRAL RADIUS,IF MECESSARY,CHECK &
iRr FallLule NOF POJER™ AMD UPRATE M4 *
KARAARAAAAR SR AR ARARRAA AR EARAZ AN AT A B A A AR A A A AR B A AR AAARAAAAAR LR AAAAX A AR Ak &

TEOY R (2) B, 2R THFD01S) 1E,25) GLTY 200

SR T OwEl S0 Y YL Y XE Y DY, F, SIGHA, APR,IFLAG, INFO)

IFeth Lo, ~E,3) 00T 19y

TET

CrAE(1)8T, LSFLOAT (T I (10) ) RFLOAT(TUFD(10)) /ST0HACL)
CTaX (2)3Q 2N AFLOAT (LRI ) ) «FLOAT (T IFA(11))/31GA(L)
A A A EA TR EA AR R A A AN R L LA AR A XA F R A A KA F AL AR AAA A AR AR AR AE R AR RARAYAENALT KR




X IS SUALLER THAY XE CONTINUE THE INTEGRATION,IF NECESSARY,INe *
PPNLATE FOR A CHAMGBE QF H *
*tks\’*t****ttt*iﬁt**t***t*****t*******t****tk**t*tt*tt**k**ﬁ****t**t

IF(X,GE.XE) GOTD 210

IF(H NELIPLD) CALL INTERI(M,Y,Y1,Y2,DY1,F,ALFA,INFO)

IF (H MNE HOLD,ORGINFO(9),EQ,0) GOTO 8¢

GOTO 99 :
ttkt*tt******ktt*******t*tttttt**k*#**tkt****k*k*****ttt'k***tt*****
TERPOLATE AT XE AND,IF NECESSARY,INTERPOLATE FOR A CHANGE OF H *
FORE RETURN *
ttt*t*k*i*tt*k*k*t*****k******tk***t**t*tttt****t****ti********t*tt

CALL INTER2(MN,Y,Y1,Y2,YXE, (X«XE)/HOLD)

IF(H MELIIOLD) CALL IWTERLICH,Y,Y1,Y2,DYL,F,ALFA,INFO)

!-?_ETH{‘{H

[]D




SJBRCUTINE HOTART (i, Y,DY,YXE,F,TOL,APR,SIGHA,H, INFO)
R A R A R AR R A AR AR AR R R A R A A A A A e R A A A AN A AR A AR R AR A AR AN ARANR AR AR A AAR
JBROUTIME HETART CALCULATES THE INITIAL STEPLENGTH
k*t**itt****ttﬁ**k#k***tk*#*k*kt**t**ﬂ*********tt***t*’k*****-
NIMEISION Y(H), DY (), YXE(N) , INFO(15)
DY 1y Isg,d
YXE(LIIRY(L)+DY(I)/SIGHA
TCONTIMIE
CALL F(M,YXE)
LIFO(7)sInFO(7)+1
ETAT=0,0
ETAEsD 0
ND 20 I=1,0
ETAT=ETAT4+Y (1) xY (1)
EzYXE(I)=DY(I)
ETAERETAC4EXE
pOCONTINMUE
ETAT2TOL+TOLASART(ETAT/FLOAT(N))
ETAESSORT(ETAE/FLOAT(MN))/SIGHASAPR
HESART(ETAT/ETAE) /SIGMA/Z10,0

HHEAXSINFO(])

SETAR (), 034RMMAX$0 ,44) xRMMAX%RMMAX
IF (H,GT,RETA/SIGYA)HERETA/STGMA
RETUR

Eoif




SUBRROUTINE PARAYM(C,LA,B,INFO)
Kk h kR KR AR AR AR AR RR KR RN AR AR AR AR AR KA AT R AN R IR A AR AR AR AR A AR AR R A R AR

RAM DETERMIYES THE PARAMETERS OF THE INTEGRATION SCHEME,THESE *
PAMETERS ARE EXPRESSIONS DEPEHDING OM THE COEFFICIENTS OF THE *
ABTLITY POLYMOMIALS,WdICH ARE STORED IN THE ARRAY D, DURING *

E START,I,E,I1:F0C13) IS 0 OR 1, THE PARAMETERS OF A ONE=STEP SCHE= #

TARE CETERMINED, *

*ttt**t*ti*t**kt***k*tktk***k*t***k*********t******ﬁw**tt***k******t
REAL LA

DIMEVSION CC12),LAC12),B(2),DC440),P(13),8(13),INFD(LS)
INTEGER ORDER
DATA D(1),DC2Y,0(3):004),D(5),DC6),D(7),0(8),D(9),D(10),
$DC11),D012),DC13),0014),DC15),D(1&),D(872,0(18),0019),D(20),
+u(21),0 (aa)vv(BS)oJfaa)cD(ES)Iﬁfab)eDfETDpQ(BB)pDCZQJtDC3OJ/
+ 5&54545454545QE+001.32°7422213°503E+00;.158?45499637205'01:
+ 545454545454545f0ﬁ:;3295777Q372404E+0ug.138077ﬂ27128725'01!
+,26931406295668E=03, ,S54545454545454E+00,,32959633626966E+00,
+ 19R435481a15885-01,,3837051697ae4éE-03,,2321400819@8365*05.
+ SQ§45454545454F+00:032940ﬂ80780399E+D0;.2028?é22Q7Q85350010
+e 03922728360494E'D3a.38881593659393pv051,l2ﬁ556333065195"07n
+ 5454545%5454545*00;|329157307Q75525+Qﬁp@205299345995335'91p
+,47014565070180E=03, ,48729959290595E=05, ,23293337843875E=07,
417@“693290961E'10p.545“545454545“5#00,,32940290536199E+00:
+,20695785946957Ew01, ,48959305208277E=03, ,55250561672575E=05/
LATA DE3L),D(32),0(33),0(34),0(35),0(36),0¢37),D0(38),D(39),
+0( 4”):L(41);Q(QQ):dfﬂg)ppfqa)pD(QSIaD(Qéﬁ;D€Q7),D(45),D(49)0
+0(50),0(51),0(52),0(53),D(54),0(55),0(56),D(573,D(58),0(59),
$0060)/7
+,32042572866540F=07,,92217187087773E=10,,10431596770258E=12,
+ 545»945454445“E+90ﬂ,32°D“62£047555E#0@g,307591??2Q74é7ﬁ@011
+ %}1qua731“9237€-035,5953BSIZQQBQQEEWQ5ﬂ-38415@3@@Q452QEW07'
+,13735161731261E=09,,25579038177072E=12,,1935%325549240E=15,
+ 5554945454545‘£+QUI033902“638234045¢038@2083588?3§§?QSE‘011
+ 41”193712br576F-03p.6267126380883éﬁﬁﬂgp,Q3273293211é705-07:
+,175579566022083F=09, ,41529099936815E=12,,%52977760638010E=15,
+, 2816239662302 =18, ,S4545454545454E400, ,329C0701770523E+00,
+ 2‘£477095°17735~01:.51ﬂ7502862§718Fwﬂ35,646554QQQ§OQ46E-059
+ Jhbqib81“53bbu5w071,205“57525125235-09,,53989b83650$4b5*12/
SATA D(61),N(62),0(63),N(64),0(65),0(66),0(67),0(68),0(69),
F0(T0),D(7L) D 072),0073),D(74),D (753aAf7é3ng773@ﬂ§?8)aD(7q)n
+‘(F’J, (81),0(82), “(83),O(éq)gnCBSJgUfﬁé)@D£8720DCBB)vQC@?);
+0 ()})/
§.Q8233?U08819355ﬂ15;.HQ171430799£?ZEWI89338653765072QQQE'211
¥ SUSUSABASARISEF +0G, ,32923047518706E4+00, ,20942105514480E=01,
,:81"9114\7°q77E-03;.6669843$2295J1Eu053@Q9787£90@71999E~073
+, 231751090 T73032E=00, 6929015377237 9% ={2, ,13309584971259Ee14,
+.15875132d767155917;,1@70279&00@5325w209,31159779&4&428E-24;
*.5%%4545&5&54545+00»,328888?4622?555$0&9,2U93955408255§E°01¢
b, 'SQ“\463“”737r‘“>;.579b551p95177aﬁm09g@S13928é3§3§5035-070
+,25107762750795E=17, (Bu319349035222E=12, ,17105594522426E=14,
+,2uneioho 5 35??*-17,,214;7Pﬂa9577§?&q?(,@1;ug?7395595a0E~23;
*.;4h7?c3§§t7Dﬁ7r’?7p¢“54R45434543d55¢0“3,3@7530§Q§877QQF+”L/
NATA r(ql);r(Q” “(93) FL94),0(9%),0(96),0(97),0(98),7(99),
*{('ﬁ DIPRAR G AR 1D IPRAN &5 BAPCR I (1’3)a (108), (13 %)@ (106),N (107,
ISR G T PN G BV B IR (11‘)p“(111): (118 N CEL3), D014, 00118,
4;{1]“)’ SO LTY 0t EY D (1LY, (120)/
$,191 A 302 060R5F ﬂ’l:, IRARASUARANGRASE 00, ,397694933548688400,




11

+422675100922608F=01,,32438614977749E=03, ,45454545454545E+490,
+239767639100506E+00, ,23921246939481E=01, 46221 334545758E=03,
+.27945492539796E=05, ,45454545454545E400, ,397867919468T4E400,
+,24509754044867E=01, 33071848010798E=03,,47002589400275E=05,
+, 14585303356181Ea07, ,AS454545454545E+00,,39811541979691E+00,
+,2086058958A956E=01, ,56998860293388E03,,59138340603510E=05,
+,28300608926316E=07, ,50812598486162E=10,,45454545454545E400,
+.,3397669282171073E+00, ,25000002282553E=0], ,59148858437864E=03,
+,66757562926758E=05, ,38720468964770E=07,,11144761163396E=09/
+0(128),0(129),00130),0(131),0(132),D(133),D(134),D(135),
¢0(136),0(137),0(138),0(139),0(140),0(141),D(142),D(143],
PRCLAA),D(145),0(146),D(147),D0148),D(149),D(150)/
+,1260R153728000E=12, ,45454545454545E+400,,39822650679417E+00,
+,25183525013803E=01,,60880514013113E=03,,72353433014328E=05,
$046725317100106E=07,,16719594503501E09, ,31157527742621E=12,
+,23590370482110E=15, ,45450545454545E400, ,39824868901869F+00,
te252658196°7767E=01,,61910411544859E=03, ,76074711148850E=05,
+.52536344101559E=07,,21317602667569E=09,,50421345500406E=12,
+e60317688539028E=15,,34187163161474E=18, ,45454545454545E400,
+.39826570956750E+00,,25287844091655E=01,,62494425734623E=03,
+, TRS40296938450Ew05, ,S56743151456408Em07,,24973869169769E=09,
+.58066567167935E=12,,11216260688042E=14,,10236802978533E~17/

DATA D(151),2(152),0(153),D0154),0(155),D(156),D(157),

$O(158),0(159),D(160),D(161),0(162),D(163),0¢164),D(165),
$0(166),D0167),0(168),D(169),0(170),0(171),0(172),D(173),
SOC174),0(175),D0176)/
+,397206579645%E=21, ,45454545450545E+00, ,39804225208567E+00,
+,25341708058167E=01,,63151501325496E=03, ,B0807554649258E=05,
$,6U354064402269E=07,,29111642092611E=09,,84106334638657E12,
+,1616728039767{E=14,,19299941789907Em17,,13021732956413E=20,
e 37944453604700E=24, ,U5450545454545E400, ,39838448104318E+00,
+.25016762495906FEm01, ,63697712076076E=03, ,B2551983508228E=05,
+,63149729838770E=07,,30629R587088R8F=09,,97808681916440E=12,
+,2083656313059Fmly, 2932067957433 Em17, ,26166497017204E=20,
4, 13415328234784E23, ,30092796196223Ew27/

DATA D(177),0€178),0(1793,0€180),D(181),0(182),D(183),D(184),
+0(185),0(1586),201871,0(188),0(189),0(190),0(191),D(192),D(193),
$O0194),0(195),0(196),0(197),2(198),0(199),D(200),0(201),D(202),
YO(203),0(204),0(208),N(206)7
b S8U64516127032E400,=,21559395 (7407 2E400,=,30544696579492E=01,
toa5R64516129932E400,=,19115223031554E+00,=,29473834786102Ew01,
bre10760347258135E-12,,58064516129032E400,,18233307297138E+00,
te,2B2305444T3A32Em 1, ~, 12030039601232E=02,=, 152080083348 |SE=04,
$2,580 645161290328 +07,°,17833069941490E+00,%,20475246894827E=01,
oo 14ote3i2 38R 2F w2, » 299641 11304600F=04,=,21343804115613E=06,
bm BEUBA510129032E400,,17610367098315E400,=,28260676645090E=01,
e 15322452310336Ew02, =, 36586320114212E=4,.,59367529427935E=06,
b= 182200651351090 008, « 5A064516129032E+00,=,174R3390114911E+00,
bm 277165225200 01 = 148595698991 8Fm0D, », 36301 045393729 =04/

STA D207),3(233),0(209),002103,D(211),0(212),D(213),0(214),

FL215) 0 (218), D217, 0 (218), 0 (219),0(220),D(221),N(222),D(223),
PERAY, L (22T), V2260, (227),0(228),0(227),0(230),D(231),D(232),
e 0233),7(234), 0 (238),1 (P3b)/
p..J!l:)"}‘i{',_,;)75'5,}7755-”957g‘”QE@P‘75{;%“5{\729159@‘”8’Wgﬁg&%iBSiQgs}ﬁaE.i1s
e 5P LGS 16120320000, = 1739607 12308571F400,0,2R084134226593E=01,
be 17030496719 jaF a2, = 50045500 092923F e, m, 7913777312667 =06,

BUBLIGTHEES MATHEMATIOOH CENTRUM
AMSTERDAM




475354772%E=38,
4516129032E+09,
31435324530 =02,
07274814008,
B147368957E=15%,
5092933851801,
9222345544E =06,
(237),20238),0¢
s(246),0(02487),
$D(258),0(256),
s(264),0(265),
3137790770E=12,
4516129032E+090,
6021545051E=02,
6146317341E=08,
BUYBRR(T9BE=15,
4516129032E+00,
Hh1T74430420E=02,
5935672238E=07,
8064136528E=14,
H9343681923E=23,
(267),2(268),0¢(
1 2(276):.00277),
D(285),0(286),
D(234).D(295),
AYSAS51019E+00,,
J3141UT98E+400,,
556536165E+01,,
GB4SDT7197E=D03,,
3257157255f091.
20144R922E=05,,
BT1533935E+0G,,
GE7111660E=05,,
564817943E+01,,
368830002E=03,,
(297),202283,0¢(
sO(306),0(307),
,0(315),0(318),
0 (32143,0(0325),
4RT7BAR585 w1, ,
2131017308400,
786133392E=0%5,,
HBLe035588E=12,,
4653211018400,
TeCod700E =05,
J1E4R3807E=1 2,
d319418%2F404,,
7453904479003, ,
;55@101?93Fg00,'
(327, 2 0325),0¢
P (336),0 (337,
,&(Sﬁani(SﬂbW,
ClooTP81uf=17,,
VABTTC3BET ¢ 0y,
ARG T A=Y,
NGAnN 3N L,
G740 w2y, ,

89252318632E=10,»,52416294063507E=13,
39878373842E400,=,28044727272007E=01,
10065724231Eeny,=,71155788003856E=06,
59355915939E=10,=,92392278190522E=13,
64516129032E400,=,17144173377009E+00,
57222373633E=02,=,46227724829057E=04,
QUAZS017511E=08,=,45979053535837E=10/
D(240),D(241),D(242),0(243),D(244),
1eD(R249),0(250),0(251),D(252),D(253),
YsD(2568),0(259),0(260),0(261),0(262),
Y/
56663086597E=15,=,30628886618{91E=18,
00234166294E+00,=,27328009024214E=01,
674532921 14E=04,=,65884289780074E=06,
91025159364Ew10,=,17479977056317E=12,
28703208U12E=18,»,42844311155752E=21,
293669609B4E400,=,288002723815T74E=01,
76978730906E=04,»,11090566945359E=05,
58694657860Ew10,=,46969406476975E=12,
309521 0850BF=17,»,36460961532119E=20,
6451612903E401,,15059165323919E+01/
DER70),D(271),0(272),0(273):D(274),
1eD(279),0(280),D(281),D(282).D(283),
1:D(2R8),D(289),0(290),D(291),D(292),
)/

451612903E+401, ,14814748B109607E+01L,
1633988U3E=02, ,15806451612903E+01,
218117966E+00, ,86336976630508E=02,
4516129036401, ,14686532800601E+401,
118863291E=02,,19922348036296E=03,
451612903E+01, ,14664262516283E+01,
275405545Em0], ,24933405067263E=03,
850713601E=07, ,15806451612903E+01,
599475456E+400,,10971861052267E=01,
656934423Em05, 2257532123676 1E=07/
DC300),D(301),n(302),0(303),0(¢304),
1eDC309),0(310),0(311),D(312),0(313),
YeD{318),D(319),0(320),D(321),D(322),
SV
451612903E+401,,14642832935319E+01,
566107375E=01,,310°7288163828E=03,
641130883E=07,,15682590950194E=09,
4516129038401, ,14637213643836E401,
A1eTd4T7709E=0], ,317840148T70548E=03,
19608048 E=07, ,23505328331393E=09,
3816638515,  15806451612903E+01,
COGRBUSBUFS00, ,11R805056288C024E=01,
23529388 0E=05, 5391808643411 1E=0T,
0S873B6T5UE=]{1, ,251R81064036724E=14/
PC330Y,M0331),0(0332),N0(333),0(0334),
a0 0339),D(340),0(341),0(342),0(343),
JgU(SHS),nggqg).C(SSU);D(§51199(3523/
US1012903E401,,14633254223081E4¢01,
SUS50239E=N], 328573055290 CBEe03,
9775192%4E=07, ,375450R36924U0F=n9,
399776 106Emld, 646658326850 14k=17,
A51612%03F401, ,14626162502550F+01,




13

Fe@1134531244915E+400,,12108121568554Em0], 35894 153745450E=03,
bo6266UU2262U0T E®08,,6919336261629T7E=07,,50198179261835E+09,
P 2425329203631 7E=11,,77310365461803E=14,,15613921B10526E=16,
re181026819599155E=19,,91776107476727E=23/

DATA D(353),0(354),P(35%),0(356),D(357),0(358),D(359),D(360),
D(361),0(362),0 C363) D(364d),D (565) D(366),0(367),0(368),0(369),
D370), 0(371),Qf372)p3(373):0(374) D(375),0(3763,D(377),D(378),
D(379),0(380),0(381),0(382),D(383),D(384),0(385),D(386),0(387),
*9(588110(389);DCBQUJpQ(SQI)19(392)fD(393);D(39#)pDC595),D(396);
FD(397),0(398),0(399),00400),DC401),D(402)/
"1.'11!.5'
’1lilalV95 53304085 E.09'1'31a10 5'79027558 5“0913708925u Fw10:
*1.11.; 53185565q75 E'Qq 56773923.E-10312758716 Eﬂllgl.'l.,0|s,
BA018Y496,E=09, 67947003 E-lo.231432 b, E-ll;ESQQSBB Eei2slsslas05,
'91025408,Le09, 74822425 FE=10,30567580,E=11,6072001,E=12,
vﬂb79323.5'14,1.ﬁl-;0.5,QESOBZEQ.E-OQ,79335@26.E~10,358Q9723.E-11,
BROUL6LEwl2, 11108474 ,E=14,5648779 ,Em16,1s5100,5,93178948,E=09,
B2USI15T7 E=10,396B8034S ,Ex11,11000301,E=12,17552367 .,E=14/
CATA D(403),D€404),0(405),DC04060),DC407),0(408),D0409),D(410),
'ﬁ(ﬂll) C(412),00U13),D0414),00415),DC416),DC417),0(418),D(419),
D(420),0(0421),00422), “(423)99(424)r“(“ES),DCQBb),”(H27)oD(QE&J;
*‘f“Z?) DC430),00431),0(432),D(433),D0(434),0(435),D(436),D0437),
T(u3B),0(439),0(0440)/
'lﬂ97é734.&-16;5293311.E-15;1.:1. 0,5,93797465,E=09,84690176,E=10,
PH2524183,E=11,12746945,E= 12;2335 062 E=id, 25642831 E=lb,
18495%67,E-18,3%62808, Em22,1,71470,5,94252811,E=09,8635219],E=10,
‘U46B3802 ,E= 11;14135170 E=12,28359079, E~14;3b232802 Emwib,
29591252,5'18: 12591526.5'2(}p24249737.5'23p1.g1;,0;5,944§978’48.E90‘9,
87619206 E=10,46357872,Ew11,15206910,Fmi2,32599754,Fald,
H610T7927 E=16,42819928 E=18,25110371,E6=20,84319465,E=23,
12357108, L=25/

GROER=INFO(12)
s lF0(9)
If(T‘V‘(ll) LT,2) 60T 5¢
el 76% (0 ”F”~1)*1*(3+1)/? 3
'2 B+

241

(o]

Jsl, M

el

Hadd
\gf‘ 1F) Y)

( 2rJ)

3
”,FT 2) GaTye 22

AS]
-Q»-.‘u::_,i_',_,v-

= 1! Qi il 51

7q-,Q*F1;aT( PPE el )

12 xl=P (3)+0(4) 45041

Flle ((DDe] SY/DDYkx2)/ (2, 4E)
i.\/”.v: .r ( )

Y v

PRl e

&) GuTo 35




oo Jei,t'H
Jeiita=]
Jzl'4 =]

P (MP2:1J)/
Ysi('eehg)
IHE

rye
(&) J

R24Mx('+]1)
t1

0 Jal, ™
Bl e

&N (M1PT)
20,0

20,0

20,0
135(1)

=

0 J=l, M
Jet'eow ]
SIS TN
ERIGLE-LNS!
=0

IHUE

il

£y
Iy
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SURROUTIHE POWERM(N,Y,Y1,YXE,DY,DY1,F,81CMA,APR, IFLAG, INFO)

C*kt;\*ktt**t*lktﬁ*k*t*#k******k***********t*i**t***************k********

C#
Cx
Cx
C»
C#
C«
Cx
Cx
Cx
C+
C*
Cx
Cx
L
Cx*
Cx
C=
Cx
Cx
Cx
Cx
L=

IF O ENTRY SIGMA(1)30 POWERM CQMPUTES AN ESTIMATION OF THE SPECTRe
AL RADIUS OF THE JACOBIAN BY MEANS OF AN ADJUSTED POWER METHOD, THE
ITEPATICH 18§ STOPPED IF THWO SUCCESSIVE ITERATES DIFFER RELATIVELY
LESS THAM 0,001, THE MINIMAL NUMBER OF ITERATIONS 1§ S,IF THE COMPUw
TATION DpID NHOT SUCCEED WITHIN S0 ITERATIONS AN ERRORMESSAGE IS GIVe
EllgAS A SAFETY MARGIN,THE LAST ITERATE IS ENLARGED WITH 190 PERCENT,
THE RESULT IS STNRED [N SIGMA(L), '

IF O ENTRY SIGHA(1) NOT EQUALS 0 PQWERM PERFORMS THREE ITERATIONS
AITH THE ADJUSTED POWER METHOD,IF THE THIRD ITERATE 1S MORE THAN 10
PERCENT S'MALLER TiAM SIGHMA(2),THE ITERATION IS COMTINUED AS IF
SIGMAC(1)=u,IN THIS CASE THE THIRD ITERATE 18 STORED IN SIGMA(2),

THE PUWER METIOD REQUIRES THREE WORK ARRAYS,WE USE YXE,DY AND DYQ,
MHERE DY AND DY] ARE OVERWRITTEN,ON ENTRY OF THIS ROUTINE DY AND
DY1 COUTAIN F(Y) AT YaY(X) AND YsY(XeH),RESPECTIVELY,THUS ON EXIT
OF THIS ROUTIME TWO EXTRA EVALUATIONS OF F ARE NECESSARY FOR RESTCe
RING THE BDERIVATIVES,

THIS CODE USES THE CDC SYSTEM SUBPROGRAMS RANSET AND RANF,GENEe
RATIMNG RAHDOM VALUES FROM THE INTERVAL [0,1], THE ARGUMENT OF RANF

LR SR I 28 2R JF I BE IR R N I e T R YT

[5 DUMAY AND IGMORED,RANSET INITIALIZES THE GENERATIVE VALUE OF RANF#
LRk kR Ak A AR R KRR IR KRR R AR KRR KA KA AR A AR R AR AR A NAR AR AR AR AR A AR AR ARRR AR AR

DIUMENSION YO, YL O YXE (M) pDY(N)pDYL(N),SI6HAC2), INFO(15)
REAL IR, HORMG

IFCIAFN(2) ,EQ,3) THFO(2)=1
INFO(IS) =0

TOLLIP=] E+4%xAPR

SIG"=0,0

ShEn,0

CALL RANGET(0)

2 1y l'l,

RAR2 GwRANF (IDUM)ml
YXF(I)=DY (1)

IF(Y(I),EQ,0,0) DY(I)=RA%TOLLIP
IF(Y (L) lEL0,0) DY(I)=

YO1)& (1, 04TOLLIPRA)

DYI(1)=DY (1) _

5023040 Y(I)*DY(T)
Te CYITIIUE

A0z TOLLIPASURT(59)

IF (R IGLT,TAOLLIP)NORYO=TOLLIP

CALL F(4,0v1)

THED(7I=INFO(T)+1

I‘IFF](B):I‘JF’”(R)*I

75 ks

1.
1IF(% , LT,51) GNTH 24

(A
vl

cYien)
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CORARS0ORT(S0)
531G =516
STGHE ORI HNRMG

IF‘(K.E"},S.AN@.SIGW
1F (K, LL.2,"R,SIG1A
IF(31G",GE,0,9%515
SIGHA(2)=816GH
SIGHA(L)RD,

IF(ACS(SIG M =5]6Y)
SIGMALLI®L 1 *SIG"
GATD Ry

D py IRl
YXECIIRDY (D) +CYXE(
CALL F(M,YXE)
T9FO(TYISINFO(T) +1
TAFG(8)2INFO(8) 4]
COUTIMIE

DO 9 I=my,
nY(D)eY (D)

ALL F(n,0Y)
INFO(T)SINFO(T7) +1
THFO(B)BINFO(8) 4]
IF(THF(13),71E,0)
RETURH
U 110 Istn
CYL(D)=Y1 (D)
CAapL P(N'nYl)
TAFO(7)aT0F0(7)+!
T rm{@) InFO(8)+}
NETH
Fl
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SUBROUTINE MAXDEG(TOL,APR, IFLAG, INFO)
kAR R AR AR R R R R R R R KA R AT R AR AR R AN R R R AR R AN AR AR kAR A AR AR AR RN AR R AR R R AR AR AR
{ “AXRES THE "AXIMAL DEGREES WITH RESPECT TO THE INTERNAL STABILI= »
TCODITION ARE COMPUTED, IF OHNE OF THESE HMAXIMAL DEGREES FALLS *
ITASTNE THE RANGE, AN ERRORMESSAGE IS GIVEH, ®
AR R AR R R RN F AR R A AR AR AR R R AR R AR A AR A AR R AR AN AR A AR AN A AR RAR

CIHENSION AC11),IVF0(13)

DATA 2A(1),202),9(3)0C4),8(5),8(6),8(7),0(8),9(9),0¢10),8011)7/
+3.E1 1 ECaTaER, 8, B3, 3eEd,2,E5/9,E5,5,E6,3.E7,2,E8,1,E9/

FeTOL/ZAPR

PO 10 I=2,12

Jﬁl}-l

IF(R(I)LEGE) GOTD 20
CCAUTINIE

IFLAGED

FETURN

CTMFO(L0) 21 4e]
GO 3u Is2, 12
SESRL D
IF(100,0%G(J),LE,E) GOTO 40
S CNITINUE
IFLAGE?
RETURY

CINFO(I )= w]
RETHRM
£y







SHRMITINE STEN(d, Y, Y1 ,Y2,YXE,DY,D

T A AR AR RN R AARARARE AN RN AN A K ARRAKARKRRAARK A& A

§Yi3Y YR 3AN

¥ ¥ % w

STED COUTALIS THE ACTUAL INTEGRATOR,F
BCHEE IS ALSD FORMIJLATED A5 A THREE=
ViwP ACACETERS O EXIT OF THIS RAUTIHE
VECTIR IS COMTATIMED T4 YXE,
kkkasrak xRk A A bR bAhRAXh AKX A AAMRE AR R A AR
“EAlL La
LITAEASTIO YO YLD Y200 ), YXE(!)
FLACI2),C(12),B(2),1*FO(15)
CEINFD(9)
DF1  375@0xFLOAT (T IFO(]12)=])
IF(I F013), LTa?) DEl,.9
Sty I,
13 YiF(l)-uY(l)
IF (B0 ,2) GOTH 40

Cztiep

00 3y Jsl, '

Alsvial (J)

AL AsIiRLA ()

a0 2y I=t,0

YXE(I)sY (L) +HCAxDPY L (T)+ ILARYXE(])
20 LOUTINUE

CALL F(H,YXE)

[UFEA(T)SINEO(T7)+1
3o CDLTLMIE

;__

3o

L e BTN
o>
>~
L]
——
L

PP
B L&Y (I 3 1YL (L) eHCxDYLC

(N1 ]
<

‘e s T T
v " i T o~ e -

I S B
Lo

e f1 e o= §8

)*l/
= (2)) %D
A

l
S
Le(m) &0
(-
)
i

B

“3»«-\‘5 . st

P

*vu::

1 I | e v I [ I !

™™ i
o

il et
—
\‘ "‘l"

=] F”(7)+1
igl, !
3

B IAY ()42 1aY I (I)4D L aYP (]

[N
~
»
tal
e~
R )
¥

Felol
LE R E S
NVERT
SCHE
NEW €
AAARk

eYL(

AxYXE

ryt(r

MFQ)
ok k k%
THE 0
THTROD
ATED

kKA K

*YXE (




YXE, TOL,EP
Ahkhhkdhhhk
OR BOUND E
THE LOCAL

Kb hkkhd kiR
XE (M) INFO

E(I)

1)
RZFLOAT ()

FD)
Ak kokk
I(Y))&
IR

LR &8

(2)

ARk R
‘OR Tk

kA k kR
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SUBRROUTINHE NEWA(EPSERR, HOLD, i, ALFA, HHAX, INFO)
(A E R AR KRR R R kRN kKRN R R E AR A AR R KA A AN AR A AR AR A AR A AR AR AN AN AR R R R R AR AR A *k
e DELTIVERS A MEY STEPLENGTH AMD THE FACTUR ALFA BY WHICH THE %
EPLENGTH IS CHAMNGED, EPSERR DEMOTES EPS/ERROR, %
AR AR AR R AR R RN R AR R R R R kAR AR R R A R AR AR R AR A AR R AN KR AR A R R R RN KRR AR AR R RRR A AN

PISEGSTION HYAX(2), IHFO(L1S)

IMTEGER ORDER

ALFARL,0

IF(THFO(L4) 4GE,3,IRLEPSERR LE,1,0) GOTO 10

RETURH

r ORDERBINFO(L1R)
ALFASEPSEREw®x (1, /PLNAT(DRDERY1))/(2,0=FLOATC(ORDER=1)I%0,4)
IF(ALFA,GT, 0,9, AND ALFA,LT,1,1) ALFARL,0
IF(ALFAGHE1,0) GOTD 2¢

RETLIRN

IFCALFA,GT,3,0) ALFAB3,0
IF(ALFA,LT,0,1) ALFAROD,!

HeHOL DaALFA

IF(H,GTHMAX (DRDER)) HzHYAX (ORDER)
ALFASH/ROLD

RPETURN

BoIp




QUTIHE THTERLICH, Yo Y1,Y2,DY1,FoALFA, IHFO)

KA AR A R A A A A R R R A kA A A A AR AR R A AN AN A RR R A A AT AR AR A AR AR A AN A AN &Y k¥ %
COMPUTES VALUES FOR Y(XeALFAXH) AND Y(Xw2%ALFAxH) FROM _—
AHD Y (X=2H) BY OUADRATIC INTERPOLATINN,AND COMPUTES THE .
AT X=if BY CALLING F, *
KRR AT A RA AL KRR AR P AN R A AR AT AR A AR A A A AR A AR A A R AR AR AT AR N K ALY ¥ ]

GSICH Y(H)LYL O pY204) ,RYL(N),INFO(15)
Hid

'emALFA

(Hilel QY x(Mdm2 ) /2,

hida (g g =MD

HUR (HU=s1,)/2,

a®2, ¥ALFA

iy, Y x (12,1 /2,

MU (2, =)

U (] )72,

12C12xlY2+0112aCY1+C1GA0Y 0
ISEABEGD)
JEC22ACY24C21xCY14020%CY0
Itie

F(r,uYt)

(7)=I4F0(7)+1

(14)=0

by
Rt




SUSROUTIHE INTER2C4,Y,Y1,Y2,YXE,A)

AR AR R KA KRR RN RN AR KRR Rk kAR A kAR AR AR R RARRAA AR AR ARk Rk kAR kA
cx INTER2 COMPUTES THE SOLUTION AT THE OUTPUT POINT XEEXwAxH
cx RATIC DHTERPOLATION BETWEEMN Y(X),Y(Xwr) AND Y(Xw2H)THE R|
. STORED IH YXE,

PR KRR KRR RR AR R R R R R R AR R AR AR Rk AR KRR AR R ANAFR R AN AR Rk
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DIMENSTION Y(M)YI Q) ,Y2(4), YXE(N)
REAL MU

Al g =A

Clres(Mllel ) a(Nile2 ) /2,
Clisilila(2,=NJ)

Closilx (=] z)/2,

0O 10 I=1,7!
YXECIIRCLI24Y2CI) 4011 2YL1(IY+CLORY(])
RETURN

gHp

23

Kk ARk
UADw

kkkkk




SUBRQUTINE SHI
Ak R AR ARAK KRRk
IFT SHIFTS THE
Ak ARARRKRRARKR

DI#ENSION Y ()

DD 10 Isi,H

Y2(T)=Y1(1)

YieIl)sycld

Y(L)sSYXE(D)

YL (I)=DY (D)

CY(I)sY(I)
COMTIMIE
Cetl F(nN,DY)

INEQ(7)=2INFO(T

reX et

RETURY

Eu:}

YoY1,Y2,YXE,DY,DY1, X HoF, INFO)

AR AR AR R R AR RN R A A RARNRR AR R AR AN AR TR AR AA R Ak A A Ak kR
| Y VARIABLES AND COMPUTES F(Y(X+H)) *
AR KRR R AR AR AR AR R R AN AR AR AR AR AR R A A A A A Ak Ak kR W
), Y20H) , YXECN) »DY (N),DY1€H), INFD(15)




